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RECENT THEORIES OF THE ATOM* 
By W. F. G. Swann 
INTRODUCTION 


We frequently hear the hope expressed that some day somebody will 
invent a theory of the atom which everybody can understand. If you 
ask the voicer of this hope what criteria he will demand of a theory in 
' order that he may admit it to the realm of his understanding, it is 
rarely that you will obtain a very satisfactory reply. Of course, he will 
have at the back of his head some vague notion of model. He will 
think of an electric motor and wish that he could understand an atom 
as he thinks he understands the motor. And yet there is much that 
he tolerates in the motor that he would not dream of tolerating in the 
atom. The idea of the tensile strength of the motor’s parts is a notion 
whose introduction into the atom would justly horrify him. For he is 
in a happy state of confessed ignorance in respect to the motor, as re- 
gards many matters which he is content to sweep aside in the thought 
that he will understand all these things when he understands the atom. 
He will say to himself, this matter does not trouble me much because it 
is the same kind of a difficulty that I have in respect to that other 
machine, the dynamo, or the steam engine. And while he drives com- 
fort from a sort of unification of ignorance in the matter of the machines 
of his everyday experience, this comfort is denied him when he seeks to 
explain to himself the atom. And yet, he longs for a kind of mechanical 
picture whose very essence involves many things which it is the busi- 
ness of an atom to explain, and in all probability if he had such a picture 
he would be unsatisfied with it for this very reason. 

In pinning our hopes to the belief in an ultimate explanation along 
lines of a vaguely preconceived nature it is well that we weigh with 

* An address presented by invitation before The Optical Society of America and the 
American Physical Society, Feb. 24, 1928. 
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some care the origin of our conviction that along those lines the truth 
will be found. The scheme of thought of today is a thing which has been 
moulded so as to fit most neatly the experimental discoveries of our 
predecessors of the last decade. But it is a thing which we have had for 
a long time; and, things which we have had for a long time we are 
loathe to lose. Even grievances fall under this category. Although the 
scheme of thought of nineteenth century physics has been with us for 
many years, it does not represent the philosophy of men of thought of 
all time. If there were something characteristic of the human mind 
which determined that all people would always be satisfied with one 
type of an explanation to the exclusion of all others, I think we should 
be perfectly justified in demanding of a theory that it talk in those 
terms, and of continuing to be unhappy until we found such a theory, 
even to the point of being miserable for ever if it turned out that there 
wasn’t one. 

The fact is, however, that the scheme of philosophy of Newton and 
Galileo would probably have been as incomprehensible to the con- 
ventional school of Medizval times as the most radical form of quan- 
tum theory is to some of us today. And yet, it is not because these 
ancient men were fools that they failed to comprehend what to us is so 
clear, perhaps too clear, but because the criteria by which they admit- 
ted explanations into their realm of understanding were different from 
ours. In their thoughts and difficulties so incomprehensible to some of 
us today we see the image of our own thoughts and troubles as they 
may appear to those who are to come. For the criteria by which we 
judge reasonableness of explanation are arbitrary. Their forms are 
determined by that little isle in the realm of nature which we happen 
to have studied, in the more or less immediate past, and the strengths 
of their roots in our consciousness are functions of the time which our 
minds have been occupied with them. The longer we know them the 
less we like to part with them. As new phenomena are discovered, we 
strain the older concepts to enclose them. With reluctance we admit 
such concepts as mass varying with velocity, as energy propagated 
without spreading, and the like, until finally the old mechanism of our 
thoughts will stand the strain no longer and breaks. And when it 
breaks we may be apt to run a little wild. The whole field of hypothesis 
is open to us. No longer are there any restraints; and, for a time, while 
order is being established, we long for the mental discipline of the past. 
Even as a disturbed soul seeks comfort in some church or creed, so we 
seize on little dogmas here and there—the theory of relativity on one 





Sept., 1928] RECENT THEORIES OF THE ATOM 165 


hand—thermodynamics on the other hand—something which at any 
rate in some small degree, will look after our intellectual morals while 
we proceed to dine on all the fruits which were forbidden to us in the 
past and piece together the architecture of our thoughts into a form 
becoming to our new philosophy. And while we are erecting the new 
frame of this organism it is perhaps well that some of us should pause 
to ask a few questions concerning the meaning of it. Where lies the 
heart which pumps through the organism the blood by which it works? 
How many of the pipes of the organ which play us the tune of physics 
are mere show pipes, and how many of them may be removed without 
loss to the essential harmonies of the composition? How much has 
survived the wreck of what has gone before? 

First, then, let us consider the old electromagnetic theory itself. For 
while this theory has been demoted from the role of chief controller of 
the actions of the universe, it does become involved even in the most 
recent of theories—that of Schrédinger, as part of the story. 

pv 1 dE 


—s—— ——-+ curl 7 (1) 
c c ot 


p=div E (2) 


1 0H 
O=— —-+curl E 
c Ot 


0=div H (4) 


Equations (1) to (4) are the so-called electromagnetic field equations. 
The origin of these equations is beset with hypothesis and mechanical 
concepts which could not stand for a moment as part of a complete 
logical structure of which modern atomic theory forms a part. But we 
do not need to question their ancestry in order to understand what they 
themselves have to say. 

I think the only logical attitude towards these four equations is to 
regard them as definitions of the quantities E and H which they contain, 
in terms of p and pv which are supposed assigned at each point in space. 
It is always in this sense that we use them. It is true that the coarse 
grained phenomena of engineering practice permit definitions of E and 
H in terms of the forces on charges and on magnetic poles, but in appli- 
cation to atomic processes the starting point is always the assignment 
of p and 2, and the assignment is followed by the calculation of E and H 
from these equations. All that the equations require of a density p and 
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the velocity » in order that we may form consistent definitions of £ 
and H in terms of them is that p and vo shall satisfy the equation 
of continuity: 


—-+div py=0 
ot 


Directly we have a p and a » satisfying these relations, we are ready to 
define quantities E and H by means of the electromagnetic equations. 
For the purpose of a comment which I wish to make later in reference 
to the Schrédinger theory, I should like to carry this idea one stage 
further and remark that by extending the solution to the limiting case 
of an oscillating doublet, we see that all that is required for a unique 
definition of the field vectors throughout space is the assignment of two 
magnitudes, M and dM /dt, which are of course the moment in question 
and time rate of change thereof. 

But you may well ask what we gain by merely defining quantities. 
We cannot discover the laws of physics by definition. Where then does 
Nature come in? She comes in in granting us that the quantities we 
have defined shall be of some use. And of use in what sense? Well, in 
old classical electromagnetic theory the belief was that the equation of 
motion of an electron could be expressed in terms of the values of E and 
H contributed by the charges other than that electron. In modern 
quantum theories, it is to the values of E and H emanating from and 
representing the light emitted from one atom that we still look for the 
determination of events in other atoms, but in a manner different from 
that of the old classical theory. In certain forms of quantum theories 
the E and H determine probabilities of transitions. In others, they 
determine in conjunction with some atom which they may encounter a 
form of Hamiltonian function suitable for the subsequent discussion of 
events in that atom in terms of the modern theory. 

But why do we choose quantities E and H defined in this way for 
the purpose of discussing the phenomena? We do so because these E 
and H’s possess properties by virtue of their definition. Definition cannot 
discover laws of nature, but it can insure for the quantities defined 
certain properties. That is, quite regardless of any physical significance 
which £ and H might have, or regardless of their having any power to 
do anything at all, their definition through the electromagnetic equa- 
tions insures for them all those characteristics and potentialities which 
made them of service in the electromagnetic theory of wave motion. It 
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guarantees such properties that their space and time variations go on 
according to the characteristics of wave motion—such properties as 
insure that, in a plane wave, the vectors lie in the wave front—such 
properties as insure the existence of a function of Z and H, a vector 
(the Poynting flux of electromagnetic theory) which, at any rate in 
regions where the value of p is zero has its surface integral taken over 
the boundary of the region equal to the volume integral of the time rate 
of change of 3(£*+H?) taken throughout that region. The quantities 
E and H defined by (1) to (4) provide us with a language and with 
words well moulded to the expression of the phenomena of physics. 

Now if in addition to the properties which £ and H receive from their 
definitions via the electromagnetic equations we endow them with the 
capability of moving electric charges in the manner demanded by clas- 
sical theory, we evolve, as a consequence, details about optics, photo- 
electric effects, etc., which are out of harmony with the facts. If, how- 
ever, we stop short at this point and confine ourselves to more limited 
statements, we may stay within the realm of truth and yet gain some 
of the advantages inherent in the properties of E and H arising from 
their definition. Thus, for example, if we say that where E and H are 
zero nothing will happen we shall be consistent with the facts. 

The older atomic theories sought to construct some relatively simple 
mechanism whose vibrations would correspond to the spectra of the 
atoms. The mere assignment of a number of simple harmonic oscil- 
lators, one for each frequency, would have served the purpose, but one 
revolts against such an explanation; and, if we should inquire why he 
revolts against it, I think we should be driven to say that for a theory 
to be satisfactory to him, it must deduce many things from few. In 
particular, the mind likes the idea of commencing with a thing which is 
simple as viewed from one standpoint and then showing that it has a 
complexity of properties as viewed from some other aspects, in the hope 
that this complexity of properties may reflect some set of properties 
found in nature. A square plate is a very simple thing from one stand- 
point. If we tap it, however, the vibrations are very complex, yet we 
should be perfectly happy if we should find that a square plate, or one 
of some other simple geometrical form, would give mechanical vibra- 
tions which were of the same frequencies as those of some atom. We 
should very soon make a theory out of the situation." 


1 Attempts in this direction have actually been made by Ritz (“Gesammelte Werke,” 
Gauthier Villars, Paris, 1911). 
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THE BOHR-SOMMERFELD THEORY 


The essence of Bohr’s theory lies in its starting with a fairly simple 
expression (the Hamiltonian function for the hydrogen atom for ex- 
ample), an expression with very few constants, and then setting up a 
mathematical procedure for getting a complexity of numbers out of 
that expression, these numbers representing the frequencies emitted by 
the hydrogen atom. The procedure, as we all know, is first to establish 
a subsidiary set of numbers, the so-called energy levels, and then specify 
the frequencies as their differences. Perhaps, of all theories, the Bohr 
theory presents the least attempt at a picture of the emission process 
itself. The vital thing is that it succeeds in starting with a simple mathe- 
matical expression for the atom and evolving by certain relatively 
simple mathematical operations a sequence of numbers whose differ- 
ences are the frequencies. You will notice that I speak of starting with a 
simple mathematical expression for the atom rather than a simple struc- 
ture. The picture of an electron going around a nucleus, etc., is really 
superfluous as an interpretation to the mathematical procedure. The 
last vestige of a claim of the picture to a fundamental importance in the 
matter disappears when it is realized that the action of the mechanism is 
not traced to the point of making evident the thing which of all things a 
mechanism should be designed to exhibit, the actual act of emission of 
the radiation. 

Nevertheless, the model aspect of the Bohr atom did play a sort of 
dog in the manger réle in not desiring to speak in detail about the vibra- 
tions themselves, at least to the extent of discussing their amplitudes, 
and yet using up all the dynamics available from the Hamiltonian equa- 
tions for the purposes of the pure model picture. The Bohr theory thus 
makes a sort of transition in theories between the purely mechanical, 
and the theories which merely content themselves with a formal state- 
ment of how things happen as distinct from why they happen. 

In order to prepare the way for a more detailed consideration of the 
abstract point of view presented in the matrix theory, I should like to 
review for a moment the analytical outline of the Bohr-Sommerfeld 
theory. Students of atomic physics will immediately recognize the ex- 
pressions: 


H=H(pi,p2- ++ 9i,g2° °° (S) 
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dq oH 


dt ap 7) 


where H is the so-called Hamiltonian function appropriate to the 
system we are studying, in this case, an atom. Equations (6) and (7) 
are the canonical equations, and the p’s and q’s are the momenta and 
coordinates of the system. 

To be more explicit, we recall that, for the hydrogen atom, 


e 


sone easrpEnagnng DAES EISESSRESSTERSNRERNRIENEND g) 
[g.2-+q,?+9."]" ” 


1 . 
H =—(p.?+p,?+p,’) - 
2u 


where the g’s are the x, y, z coordinates of the electron with respect to 
nucleus, and e and yw are constants. Equations (6) and (7) give us the 
set if equations 


dp, eq; d e dp. eq: 
stata: Jas 3 Pt (9) 
“a #r r dé Fr 


dq, 1 


” Pus (10) 
On solving these equations we can obtain the orbit of the electrons pro- 
vided that we specify the values of the p’s and q’s for some particular 
instant. Or, we may do another thing, the thing which we actually do 
in the quantum theory, and, from all the infinite possible number of 
orbits which satisfy (9) and (10) we may pick out only those which 
satisfy some other condition, the condition actually taken being 


J bedae=uk 


Any one of the qg’s will be a function of the time, but it is capable of 
being analyzed into a number of simple harmonic vibrations 


9 z= G1 COS wil+ a2 COS 2w t+ a3 COS 3wit +, COS wott+b2 Cos 2wet+ --- (11) 


If these frequencies had been the frequencies emitted by the atom for 
any or all of the orbits we should not have found it necessary to go 
further for our theory of the atom. For not only would the frequencies 
be determined but the amplitudes would also be determined by our 
calculations. They might be wrong but they would at least be definite. 
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It is true that we should have had remaining the difficulty of how the 
electron could continue to move in its orbit if at the same time it were 
radiating; but this difficulty would have been one of a kind different 
from the main difficulty of determining the frequencies and amplitudes. 

It is because the frequencies we reach in this way have no features 
in common with the atom that we are driven to the artificial procedure 
of denying radiation during the orbital motions and confining it to a 
mysterious process occurring during the transition from one orbit to 
another. 

I wish to dwell a little longer, however, on the process which would 
have been to our heart’s liking if it had only been successful, and dis- 
cuss two different aspects of it. I have been speaking of Hamiltonian 
functions, canonical equations, {pdq and the like; and, if there be any 
non-mathematical members of the audience they do not know what I 
have been talking about. It may even have required a trial of their 
faith to believe that I know what I have been talking about myself. 
I should like, for a moment, to put this imaginary section of the audience 
on the same level as the actual audience. I want to remove from the 
minds of our more learned friends all that is there concerned with what 
they will call the physical significance of the process we have sketched, 
and I want to stress the facts of what has actually been done—and here 
our non-mathematical friends will follow me provided they do not hold 
on to a veiled suspicion that I am trying to play a trick on them and 
imply something more than I say. What has actually been done is this: 

We have, in (8), started with certain letters arranged in a certain 
way for this our hydrogen atom. It is almost as though we had started 
with the name of the atom. We have then done something with these 
letters by which, in (9) and (10), we have gotten other arrangements 
of the letters and symbols. Our learned friends will tell us that these 
are differential equations—that they mean something—that the 
dq,/dt on the left-hand side of the first of equations (10) is the change 
per second in a certain quantity which represents the distance of the 
electron from the nucleus measured parallel to the axis of x. They will 
tell us that this equation shows that the x component velocity of the 
electron is a function of certain quantities which are on the right-hand 
side of the equation. Our non-mathematical friends will be impressed, 
but bewildered by all this additional learning imparted into the signifi- 
cance of these expressions. I will ask them not to be bewildered how- 
ever, and not to listen to our mathematical friend who is raising all 
the trouble about the significance of his processes. I will ask them to 
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take note of no more than this—that we have started with a certain 
arrangement of a set of letters and numbers, which we regard as 
characteristic of the hydrogen atom, a certain name form as I may call 
it, and that, out of this, we have gotten other arrangements of the 
letters and numbers by certain rules of procedure which are perfectly 
well-defined—defined, I mean in the sense that even one who knew 
nothing about what our mathematical friend would call the physical 
significance of the steps could nevertheless be instructed as to how to 
get these new arrangements of the letters from what I have called the 
name form. And so the procedure from the start to the final stage where 
we reached the set of letters 


7 2= 4 COS wit+a Cos 2wil+ --- (12) 
+; cos wet+ be cos2wef+ - - - 


could be specifically defined in terms of a cold-blooded manipulation 
of the letters irrespective of any meaning to be attached to the various 
processes carried out. We are to understand that the processes of 
manipulation concerned are so specifically defined that we should know 
what to do had we started from any name form other than (8), which 
we said was to be characteristic of the hydrogen atom. For each name 
form there is to result a set of equations like (11) which are obtained 
by carrying out these perfectly well defined processes on the name form. 
The point where we are to attempt to tie up with nature is at the 
stage (11). The things which I have written as a), a2, bi, bs, wi, we, etc. 
will have in them certain letters like e, u, , k, which occurred in the 
original name form, or were introduced during the process of manipula- 
tion of the letters. We must understand that we are to assign appropri- 
ate numbers to these symbols at the stage represented by (11) so that 
the a’s, b’s, and w’s will become numbers. We would then wish our 
theory to be to the effect that the numbers 
wo, 2w Bw we 
my my yy 2 yp mmy +> ORC, 
24 ln 2x 2x 
represent the various frequencies communicated by an atom to the 
surrounding medium and the a’s, b’s, etc., represent the relative value 
of the amplitudes associated with these frequencies. 
As we all know, the frequencies obtained in this way do not corre- 
spond to the frequencies yielded by nature; and, our knowledge of the 
situation is such as to show us that we could not, in any reasonable 
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way, choose a name form which, by the application of the process | 
have sketched we could evolve groups of frequencies such as we find 
in nature. 

Since then, starting with a certain name form for the atom and going 
through certain manipulations of the letters we arrive where we do 
not wish to be, we may well ask ourselves whether there may be some 
other ways of manipulating the letters so as to take us where we really 
wish to go. There is such a method—it is the method of the theory of 
Born and Heisenberg, and in it the methods of manipulating the letters 
follow very closely the methods used in the theory of matrices. 

In the more general sense, mathematics is the science which discusses 
the ways in which we may set up rules of procedure for the manipula- 
tion of letters—or anything else for that matter. Those rules which are 
rich in relationship tickle our fancy, and get recognized as outstanding 
branches of the subject. That particular branch of mathematics which 
we first studied in our youth discusses only those manipulations of the 
letters which would be permitted if the letters represented numbers. 
In that particular branch of mathematics, ab denotes the multiplication 
of b by a and we are never permitted to say that ad is not the same thing 
as ba, because 3 times 2 is equal to 2 times 3. 

But you may ask “What do the letters mean if they are not numbers?” 
The answer is that they do not mean anything in particular. They are 
simply letters, that is all. The rules for manipulating the letters may 
be made perfectly definite without attaching any meaning to them, and 
we may define an interpretation to the results obtained at any stage. 

But you will say, “all of this is very artificial and has but little mean- 
ing.” Not at all. There appear to be some regularities in the behaviour 
of the atom, and if we can discover the law of that regularity in a con- 
cise form we have done a great thing. For, if that law of regularity 
which we find fits the atom in all respects which we have observed, it 
will probably fit it in several things which we have not observed, and 
so suggest further search. In the whole realm of mathematics there are 
little oases rich in the expression of laws—little oases in which many 
harmonies find their expression. If we can find a region of regularity 
in which there is a one to one correspondence between certain things 
in the mathematics and certain phenomena of nature we have found a 
“theory” in the modern, or ultra-modern sense of the word. Having 
said this, it is with some trepidation that I recall the schoolboy’s 
description of Algebra as a “Low Form of Cunning.” 
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THE MATRIX THEORY 


In the matrix theory then we make the jump from mechanism to 
pure formalism. As a preparation for its discussion I must devote a 
few minutes to certain remarks about matrices themselves, but I shall 
confine myself to the minimum for the purpose. 

Let us take a board with a definite number of squares on it, and in 
each square let us write a number as in Fig. 1. 


j 21a | Gaz | Gra | Gia E a [bus | bre bys | bra | Dis | 


| Gan | 222 d23 | Om | box | bee | bas | bes bos | 


| Gg, | dae bs, bse 


Such a set of numbers is called a matrix. We define two matrices as 
equal to each other when the mnth term of one is equal to the mnth 
term of the other. Let us take a similar board with a set of numbers in 
it asin Fig. 2. I can form a third matrix by writing on another board the 
sums of the corresponding numbers in the a and the 6 matrix. This 
third matrix is called the sum of the other two. 

Now from any two matrices A and BI can form a third matrix in 
all sorts of different ways. One way, a way which gives a matrix C 
having very important properties in relation to the matrices A and B, 
is to proceed as follows: 

Let us for example concentrate our attention on the row 2 of the 
matrix A and the column 4 of the matrix B. Let us build up the quan- 
tity 


421b14+ de2b24+Gesbsat doadast , etc. 


You will observe that this is a quantity which is constructed in a cer- 
tain manner entirely out of the second row of A and the fourth column 
of B. We write it in the 2, 4 square of another board C; and proceeding 
in this way with every row of A and column of B we fill up all the 
squares on our board C and we call the matrix we get the product of 
the matrix A into B and write it AB. Now if instead of proceeding 
with the rows of A and the columns of B, we had proceeded with the 
rows of B and the columns of A we should have produced another matrix 
which we should have no earthly reason to expect equal, term for term, 
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to the matrix we have called AB. Yet, consistency in notation deman«(s 
that we christen it BA, so that in general we have AB+BA. 

There is nothing of mystery in this. Every appearance of mystery 
in it comes from the name which has been attached to the operation of 
constructing the new matrix—the name multiplication. If we had called 
the process multuplucation nobody would have any difficulty. Al! 
suspicion of a difficulty should vanish if we observe that there was 
nothing which, in its own right, had a prior claim on the term multi 
plication of matrices until we had defined one. You might say why not 
call multiplication of matrices the process of producing from two 
matrices A and B a new matrix by multiplying the corresponding terms 
together. There is no formal objection except that the thing so obtained 
would not have many useful properties. 

In general, the mnth term of a matrix ab is given by 


(2b) mn = Damedin 
k 



















Now we observe one very interesting and, as it turns out, important 
fact as applied to the multiplication of matrices composed of quantities 
of the form g,.,¢7**™"*. Suppose we have two matrices like the following 
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one composed of the qg,,, and another composed of other harmonic 
vibrations ~,,, such that corresponding terms g,, and pa, have the 
same frequencies. The fact that we are here using imaginary exponen- 
tials instead of real sines and cosines is a matter of analytical technique 
which I will not discuss since it involves only trivialities. On forming 


the matrix product of the g matrix into the » matrix, we obtain for the 
mnth term 


Ddmne? tH, e2Firent = DFmPene?*irmetrendt 


k . 








If the quantities vx, vi, satisfy the Ritz combination principle, and 
we intend to confine our interest to such cases, then, for each k, 







Vmk +Vin = Vn ’ 
so the mnth term of our product matrix will be 


e2rirmn YdmeDan . 
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You will observe that it also is a complex harmonic vibration and it 
has the same frequency as the mn terms of the matrices which are 
multiplied together. In other words, if we take two matrices with equal 
frequencies in corresponding squares and multiply them together we 
obtain a new matrix in which the frequency associated, say with the 2, 
3 square, is the same as the frequency associated with each of the 2, 3 
squares of the matrices which were multiplied together. Suppose now 
we take this new matrix and multiply it by another matrix composed 
of harmonic elements with the same frequencies. We obtain a fourth 
matrix in which again the frequency associated with the mnth term is 
the same as it was in all the matrices we have used in its construction. 

Now in ordinary algebra, practically all the functions, let us say of 
two quantities x and y, are quantities obtained by adding together pro- 
ducts of x and y. Thus, our functions of x and y take forms like 


x*+3y+a°y 


and so we define a function of two matrices p and g as a matrix, for 
example, like 


p?+3q+p*q, 


meaning thereby the matrix we obtain by multiplying the p matrix by 
itself, then multiplying all of the terms of the g matrix by 3, then 
multiplying the matrix g by the matrix obtained by multiplying the 
matrix p* by the matrix p, and when this has all been done, adding 
together the corresponding terms of the matrices obtained. You will 
observe that, in view of the foregoing remark, if the matrices p and g 
are of the type 


Inn = Gune?* rm! : Pmn = Dane**", 


all of the matrix functions of them built up according to the foregoing 
idea will have associated with their mnth term the same time factor 
e*rivmat| This will turn out to be a very important property. 

Now, a word with regard to what is called differentiation of one 
matrix with respect to another. Suppose that in ordinary algebra we 
have an expression z a function of x and y of, say, the form 


z=x2+3y+2*y. 


We know what we mean by differentiating z partially with respect to x. 
We mean, make a small change in x while keeping y constant. Find the 
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corresponding change in z. Proceed to the limit and so forth. But when 
we have said all this and found out how to carry out the process, we 
would differentiate the foregoing expression for z partially with respect 
to x by taking the 2 from the exponent of x* and putting it on the left 
hand side of x. We would rub out the 3y, and we would take the 3 from 
the exponent of the x*, put it at the left hand side and change the 
exponent of x* to 2. In this way we would obtain 


Oz 

—=2x+3x'y. 

Ox 
We would then interpret the result. Now this formal process of 
changing around the positions of the numbers is a perfectly defined 
process irrespective of the more deep-seated meaning of differentiation. 
It would be a definite process even if there were no deep-seated meaning, 
although the chances are that it would then be of no great use. We 
can define differentiation as the procedure of carrying out the same 
operations with the symbols as we should carry out in ordinary dif- 
ferentiation. In other words, if we want to differentiate the matrix 
function 


M = p?+q?+ap%g?+bq?p? 
partially with respect to p we simply write 


1 
re 2p+0+ 2apq?+ 2bq*p 


and this is what we call the partial differential coefficient concerned. 
All we have to be sure about is that it does represent a matrix, and of 
course it always must, by the very nature of its formation. 

In matrix calculations we meet with such expressions for matrices 
as 1/(p*+ 9°). Without further definition they would be meaningless. 
They become defined in a manner to give them meaning, however. 
Thus the quantity in question becomes defined as a matrix which when 
multiplied by the matrix p?+g? results in a matrix all of whose terms 
are zero, except those on a main diagonal, these being unity. 


RESUMPTION OF THE ATOMIC PROBLEM 


Let us now return to our problem of atomic structure. We start with 
the idea that somehow or other we are to provide for a set of simple 
harmonic frequencies associated with an atom, of such a kind that they 
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can be obtained from a suitably chosen set of W’s by relations of the 
form 

Wr—-W, 


ip mans 1 
v ; ( 


In other words, we want to have a set of quantities q,,, and provide 
laws about the atom which shall inevitably lead to gn, being of the form 


Gun = Gane?* ="! (14) 


where the y,,,’s have the property designated by (13) and consequently 
the property 


Vnk T Vin = Ven (15) 


How are we to construct laws which shall lead to this result? 

One way is so simple that it horrifies us, and we will have none of it. 
This way is to proceed by the ordinay laws of dynamics, write for our 
Hamiltonian function 


1 ‘ W m—W,\? 
Ha— ) a2 a *) ‘a 
=F ED ete tse) 06) 





and subject it to the Hamiltonian equations. The process will, of course, 
give simple harmonic frequencies with the frequencies given by (13), 
for (16) is nothing but the Hamiltonian function for a lot of independent 
simple harmonic oscillations. It is true that it would tell us nothing 
about the relation between the various amplitudes. But, apart from 
this, if we were asked to state our objections to this procedure, we 
should, as I have already pointed out, have to base our complaint on 
the necessity of having to assign so many W’s in the original Hamil- 
tonian function with nothing to guide us other than the knowledge 
that they were the right W’s. We should prefer to see the W’s drop 
from heaven, or at least to refrain from making their appearance so 
early in the show and giving away all the subtle mystery of it. We long 
for something like the old Bohr theory, where all the W’s were extracted 
by mathematical operations performed on the Hamiltonian form, the 
name form, as I have called it, appropriate to the atom. And so we set 
out with the intention of trying to do something like this again. We 
associate with our desired g,,,’s another set of quantities, p»,’s, which, 
like good mates will help them to express their characteristics and bring 
out all that is in them. We write down a matrix function of p and g 
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H = H(p-q) (17) 


in the sense in which I have attached significance to the term matrix 
function. The form of this function is to be the thing which is charac- 
teristic of the atom. We submit this matrix function to the Hamil- 
tonian equations 


dp oH dq oH 
O08) 00: (AE) 
dt} mn oq mn dt} mn op mn 


These equations have a perfectly definite significance to us with the 
understanding that I have implied as regards matrix differentiation. 
Thus, if, for example, H(p.q) were 


H=ap'+bp'q+¢ 
equations (18) and (19) would yield 


-(2) =(bp?+3q?) mn ; (<) = (2ap+2bpq) 
dt ite q°)mn 5 dt is p PY) mn 
where (bp?+3q*) ms is the mnth term of the matrix bp?+3g* and is, of 
course, not the same thing as bp*,,.+3g'mn, although (dp/dt)m.» is the 
same thing as dp,,,/dt. 

While it is ideally possible to pick out the mnth term of such a matrix 
as bp? + 3q’, it is, in a general way difficult to do so, and we adopt analy- 
tical artifices to avoid it. However, it will be simpler for me to say noth- 
ing about these analytical devices but to postulate infinite mathematical 
skill on the part of the atomic architect, so that he can go at the matter 
in the straight hammer and tongs method. He will then have 





dP mn 
——— =fmn( P11, Piz, on 7ii,Qi2, -++) (20) 
dt 
dg mn , 
di =Pmn(Pi1,pi2,*** 5 Gui,qi2,°** ) (21) 


Now there is one very fortunate thing we know about fn, and ¢mn- 
They may be terribly complicated in the p’s and q’s, but if the p.,. 
and gm, are of the form (14) the time will only occur in the form of a 
factor e****™*' for each of them, and since 


dPmn 





= 25 iV mnpmnl?™ 
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and 
dg mn 
dt 





= 27 i¥mndmne?™ nm" 


this factor e****=»* will cancel throughout (20) and (21) and leave us a 
set of equations between the amplitudes @,.., fm, and the frequencies 
Vma- In other words, simple harmonic frequencies having the character- 
istic property (15) are capable of forming solutions of the equations at 
which we arrive. If we tried to force in simple harmonic solutions of 
this type in the case of ordinary dynamic equations of motion, the 
mathematics would refuse to be coerced and would fail to arrange that 
the time cancelled out throughout our equations. By adopting equa- 
tions between the elements of a matrix and introducing only matrix 
functions into our arguments, we guarantee from the start that the 
solutions we desire shall be appropriate. Moreover, as far as this is 
concerned it was not anything characteristic of the Hamiltonian equa- 
tions which secured the result. For any equations between matrices, 
differential or otherwise, are bound to be satisfied by solutions of the 
form Qmn=Qmné""'"=" since, as we have seen, any functions of our 
matrices p and g or anything we can get from them by the processes of 
multiplication, etc. lead inevitably to other matrices where mnth terms 
have the coefficient ¢**‘"=»'. Thus our sets of equations (20) and (21) 
become simply 


— 281 mama = fmn(pi,p12; oe 711,912; thames ) (22) 
25 iV mnGmn =Pma(Prr,Pi2z, *** » Gir,Gi2,*** ) (23) 


The only thing we must be sure of is that the v,,, in our solutions satisfy 
the condition (15), or, if we like, the condition (13). 

Now, although we are dealing with matrices which are infinite in 
extent, it will serve the purpose of illustration if, for the moment, we 
think of matrices of NV columns and N rows. We shall then have 2N? 
equations, and N? of the quantities g,., N? of the quantities j,,, and 
N? of the v,,,’s to determine. We can consequently place some restric- 
tions on our equations, and indeed we need them to provide for the 
Vm» being of the form (13). 

Moreover, there is one more matter worthy of attention before we 
assign these extra N* conditions. We have not yet said how we are to 
assign our W’s. We started off with the desire of making them appear 
out of the original Hamiltonian form as a result of our mathematical 
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manipulation. Now, here the Hamiltonian equations do accomplish 
something which compensates them for the lack of prestige they have 
suffered in being in common with all equations, powerless to protest 
against or lend any special word in favor of our decision to have 
solutions of the form (14). They provide for the fact that for the 
p’s and q’s which satisfy them and one additional set of relations, all 
the elements of the H matrix remain constant with the time. In fact, 
of all the elements H,,,e**"™™‘, only those have finite H,,,’s for which 
Vmn =O, i.e. only those for which m=n. In other words only the diag- 
onal terms of this H matrix survive. We then seize upon these constant 
values of H for our W’s in (13), and decide to require that 


Ham— Han 


h 


The additional relations between the p’s and 4’s necessary to provide 
for the above requirements are: 


(pq— GP) mn=O if m¥n 
h 

(P9—9P) mn =—— if m=n 
2ri 


If again we picture to ourselves a matrix of VN columns and N rows, these 
N? extra equations just suffice to give us in conjunction with (22) and 
(23), 3N? equations in all, which, apart from the question of the alge- 
braical uniqueness of the solutions are sufficient to provide for the de- 
termination of the N amplitudes of the p’s ,the N amplitudes of the 
q’s, and the N frequencies v, insuring at the same time that the v,, 
shall be of the form (13) with the W’s now determined as the character- 
istic values of H, permitted by the Hamiltonian equations for the 
particular form of Hamiltonian function we started with. 

The story as I have told it so far is applicable to the so-called case 
of one degree of freedom. I ought really to go on and discuss the sig- 
nificance of degrees of freedom in the matrix theory, but for that there 
is no time, further than to say that the richness of the content of a 
formulation such as I have pictured would be insufficient to provide for 
a spectrum such as that of hydrogen, and it is necessary to speak of 
three sets of p’s and three sets of g’s and of arrays or matrices in which 
each of the q’s is labelled with six numbers, so that we write 


E27 t¥miymaoma;ni na nat 


Ym, 1 MH_ MeN, Me ny = Im, eM e.My, Me My 
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and concern ourselves with as many different g’s as it is possible to 
assign different integers to mm, me, m3, 1, M2, M3. The Hamiltonian 
function is a function of pi, p2, ps, 91, G2, gs, and the Hamiltonian 
eq uations in conjunction with certain supplementary conditions insure 
for it that, of all conceivable elements H»,, m,, msn» ny , Only those 
for which the corresponding m’s and n’s are equal survive. In dis- 
cussing the theory of any particular kind of atom, the procedure is 
to start with the same letter form for H as we would have used in the 
Bohr-Sommerfeld theory, had we set out to discuss the problem along 
the lines of that theory. Thus, for hydrogen, we take 


9 


H=—~(p.2+p,2+92)—— 

2m r 
where r= Vg.2+q,?+9.2. It is a remarkable thing that although the 
mathematical operations are entirely different in the Bohr theory and 
the matrix theory, both give the same results for the characteristic 
values of H. However, the matrix theory does give the amplitudes of 
the vibrations which the Bohr-Sommerfeld theory only makes a weak 
attempt to give through the correspondence principle; and it also gives 
the phases, since the amplitudes, in virtue of their “complex” nature 
contain the story of the phases. 

As regards H itself, in relation to any picture of electron orbits in 
the sense of former theories, its meaning has completely evaporated. 
From the standpoint of the matrix theory if you should ask me what a 
hydrogen atom is, I should have to reply “It is the entity whose H 
suitable for the matrix operation is H=3,(p2+p/+p2) —e?/r.” In 
the community of atoms, the hydrogen atom would be more appropri- 
ately known as Mr. 55(p2+p/7+ 2) —e?/r then he would be known 
as Mr. Hydrogen. 

Up to the point of obtaining the magnitudes which are to serve as 
amplitudes and frequencies, there is nothing to tie us down to any 
particular meaning to be attached to them. However, using no other 
criterion concerning them than the fact that they represent time 
variations of some quantity attached to a point in space—the point 
where the atom is—we can define in terms of them a set of vectors 
like the electromagnetic vectors in the same way as we can define by 
the electromagnetic equation a field E, H, for a vibrating doublet. 
The sinusoidal wave characteristics of E and H then follow from their 
definitions as already pointed out, and the crux of our assumptions is 
reached in the belief that the quantities E and H so defined can be 





182 W. F. G. Swann [J.0.S.A. & R.S.1., 17 


used as suitable material in terms of which to predict the optical effects 
obtained when light falls upon a substance. On this view all of the 
frequencies for the atom are operative at once. There is no talk of 
transitions between energy levels. It is quite true that the matrix 
theory does lead to a set of constants for the atom, equal in magnitud: 
to the energy levels of the atom on the Bohr theory, but there is nothin, 
to require that only one of these numbers is to be associated with the 
atom at any one time, and that the atom itself is to be regarded as 
suffering transitions from one energy level to another. If, however, 
with the idea of retaining the Bohr picture for reasons other than the 
optical, reasons associated with quantum phenomena, with collisions 
for example, we are willing to take one more step in the direction of pure 
formalism, we may regard the amplitudes calculated on the matrix 
theory not as amplitudes of an oscillating doublet at all, but simply 
in the following light. We postulate that the atom can exist in only one 
state at a time. If it is in one of these states characterized by the con- 
stant W, (energy level on the Bohr theory), we postulate that the 
probability that it will go to a lower energy level W; in a time dr, is 
proportional to the energy which, on classical electrodynamics, would 
be radiated per second by a doublet of moment amplitude equal to the 
amplitude giz of the oscillation which the matrix theory gives as as- 
sociated with the frequency (W,—W:)/h. In the factor of proportion- 
ality we include 1/Ayy. Then, in order to realize a definite intensity 
to the radiation emitted, it is necessary to add an additional postulate, 
quite unknown to the matrix theory itself, to the effect that the total 
energy radiated in the frequency v2 is Av2. 

In spite of the purely formal nature of this specification of the inter- 
pretation of the amplitudes it is, in a sense, more satisfactory than one 
which attempts to regard these amplitudes directly as the amplitudes 
of a single system comprising vibrations which are all operative at 
once; for, it leaves open the magnitudes of the intensities to the extent 
of our assigning how many of the atoms are in the various energy states, 
and so it permits various distributions of intensities among the lines 
appropriate to various kinds of excitation. An attempt to picture the 
matrix amplitudes as the amplitudes of a single system comprising 
simultaneously operative frequencies would lead to two difficulties. 
In the first place, the spectrum of the atom would be a definite thing 
independent of the degree of excitation. In fact, the theory would know 
nothing about excitation; and, in the second place, not only would 
there be nothing to symbolize the emission of radiation in quanta, but 
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the radiation would go on forever. We cannot escape the latter objec- 
tion on the ground that that which is radiated may not be energy, 
for the practical fact would be that one atom A would be able to pro- 
duce continuous changes in its surroundings without itself suffering 
change; and, the denial of this possibility forms a postulate of nature 
more fundamental if anything than that of the conservation of energy. 

Of course, in the form in which the matrix theory speaks of transition 
probabilities, and in the light of the picture of a number of stationary 
states, only one of which is possible at a time, what that theory secures 
over the Bohr theory is that, except for questions of the uniqueness 
of the algebraic equations, a matter into which I will not enter, (1) 
it always is sure of leading to a definite set of energy states, which 
the Bohr theory is not; and (2) it leads to a definite set of ampli- 
tudes which may be used as material for the discussion of intensities. 
To the extent that the latter end is secured in the Bohr theory through 
the correspondence principle, it is only secured through the aid of an 
admixture of a certain amount of empiricism. 


THE SCHRODINGER THEORY 


The characteristic feature of the Schrédinger theory lies in the fact 
that it provides another method of extracting from the primary 
Hamiltonian form which is taken as characteristic of the atom, the 
values of the constants W which occupy the position of energy levels 
on the old Bohr theory. 

Stripped of all attempts to provide a physical reason for the opera- 
tions involved, the actual procedure is this: 

We write down the Hamiltonian function which we should have used 
for the system had we intended to discuss it on classical lines, limiting 
ourselves to the cases where the kinetic energy is a homogeneous 
quadratic function of the momenta. Further, for the purposes of our 
present discussion it will serve to limit ourselves to a system of three 
degrees of freedom and to the case where our kinetic energy involves 
simply sums of squares of the momenta. Thus 


1 
H =—(p.?+p,?+ p,”) + V 
2m 


We are now to construct a differential equation for a quantity y by 
replacing p.* by d?/dx’, p,? by 0?/dy*, p.2 by d*/dz* and allowing the whole 
operator so formed to operate on ¥. We are then to replace V by 
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4n*(E—V)y/h*?, where E is a constant, and equate the whole result 
to zero, so that we obtain 


8x*m 
oer, (eae (24) 


Of course, as far as this three dimensional case is concerned, I might 
have described the process of building up (24) more simply by saying, 
put for V in an equation of the form (24) the V appropriate to the dy- 
namical problem we started with. In the case where the kinetic energy 
in the dynamical problem is not a sum of squares we could not do this, 
however, so I have retained the spirit of the process for the general case 
by constructing (24) as I have done. There is to be no thought of (24) 
having been proved. We have merely set up a process of writing down 
a certain differential equation when we are assigned a certain Hamil- 
tonian form. And what of the differential equation when we have it? 
Well, we know from the theories of differential equations that equations 
like (24) do not in general have solutions which are finite, single valued 
and continuous at all points of space including the origin and infinity. 
They are, in general, found to go wrong somewhere. There are certain 
values of the constant E for which they go wrong nowhere, however. 
It turns out that if we use the V appropriate to the hydrogen atom, 
then, confining ourselves to negative values of E, the values for which 
the solutions of the equation succeed in behaving themselves through- 
out all space are just those values of E which correspond to the energy 
levels as calculated on the Bohr-Sommerfeld theory. If we postulate 
that this kind of thing is true for other systems, here then is another 
way of making the original Hamiltonian form speak the story of the 
characteristic values of W, or E as we are now calling them. And when 
this was all done it was shown mathematically, as we might expect, 
that the matrix theory process and the Schrédinger theory process of 
getting these characteristic values are the analytical equivalents of 
each other. 

Now on these bare bones of the skeleton of truth the desire is, 
naturally, to put some flesh, and make the animal, our differential 
equation (24), appear to have come from somewhere. His first effort 
was to seek an origin as a result of generalized dynamics; but,. gen- 
eralized dynamics disowned him. Then he appealed to that very chari- 
table organization for providing respectable ancestry, the organization 
which makes all equations the offspring of minimizing principles. If 
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you have any equation and can express it as the condition that some- 
thing is a minimum that seems to enhance the prestige both of the 
differential equation and of the function which wants to be a minimum. 
Even though nobody may have seen the latter animal before, his 
insistance on wishing to be a minimum gives him the entry into the 
most aristocratic scientific circles. 

I shall not attempt any justification of the procedure along these lines, 
but shall limit myself to the minimum necessary to introduce the es- 
sential actors in the play. 

Confining our attention again to the case of three degrees of freedom, 


and to the ordinary dynamical procedure, our starting point is the 
Hamiltonian function 


1 
H=—(p2+py+p2)+V 
2m 
Replacing the p’s by 


ow ow ow 


z ’ v 


Ox 


7 2 


ay as 
where W is the action, it results that if we subject the p’s and coordi- 
nates to the Hamiltonian equations, we obtain the Hamiltonian Jacobi 


equation 
1 ow? aw? ow? ow 
= (=) +(5 -) +(—) }+vie,y.94+5-=0 (25) 
2mL\ dx dy dz ot 


and for a conservative system, that is one where V does not involve 


, iui —ow , 
the time explicitly, _" is equal to a constant E, the energy of the 


system. 

While we think of W as applying to the particle, any solution of the 
above equations specifies a value of W for each value of x, y, z, and #, 
independently of whether there be any particle at the point in question 
or not. 

Consider any point on a surface over which, in some solution of this 
equation, W is a constant and then move perpendicular to this surface 
to another point at an infinitesimal distance dn. If we wait there for 
a time dt such that 


ow 
0 ote W-dn (26) 
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we shall encounter the same value of W since we have chosen dn and 
dt in relation to each other in such a way that dW, which is represented 
by the right-hand side of (26) is zero. The value of dn/dt, which we shall 
write as u, represents the velocity with which we must move per- 
pendicular to a surface of constant W in order that the value of W 


which accompanies us shall remain constant. We see from the above 
that 





7 


nd ad W 
u= ——/gr 
ot “ 


which by noting that = -E£, and that, therefore, from (25), 
[grad W |?=2m(E—V), gives 
E 
“= 
(2m(E—V)}*/2 





(27) 


The quantity u« is thus a definite function of position in space for 
the assigned problem with its given E and assigned V. 


We now suppose that there is some quantity y’ which satisfies a 
wave equation 





1 ay’ 
ort ¥ =(0 


s 
at? ” 


u2 








with this velocity « occupying the position appropriate to the velocity. 
We then limit ourselves to solutions of this wave equation of the form 


2rikt 


V =(x,y,2)e | 














so that on substituting this in the wave equation itself we arrive at 
Schrédinger’s equation 


8x*m 
a at V)y=0 


As will be recalled, we then proceed to confine ourselves to cases 
where the differential equation has solutions for y which are finite, 
continuous, and single valued throughout all space, and this leads to 
a restricted set of possible Z’s, at any rate for E negative. These E’s 
are associated with the energy levels of the hydrogen atom and they 
have the same values as those given by Bohr’s theory. 


a 
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We now write down the quantity 
QD = Yye?*tBit lh eh ge? er ibat /h + eres (29) 


where y¥; is a solution of Schrédinger’s equation for E=E,, yz is a 
solution of the equation for E= E, and so on. We then write down the 
conjugate of this expression, namely 


D = yen 2B ith gg Br iBat ih 4 apn (30) 
and form 22 which is 


Ps 2 
G—yttys+ -- +¥ive cos (Ei Eat - (31) 


By this device of multiplying Q by its conjugate we realize a real quan- 
tity QQ whose frequencies are the differences of the frequencies for the 
quantity Q, and it becomes an appropriate quantity to christen electric 
density. 5 

The association of 2Q with an electric density in the case of a system 
of many degrees of freedom carries us far into the realms of abstract 
thought, and I must content myself for the time being by confining 
attention to cases of no more than three dimensions, such as that of 
the hydrogen atom. The fact that, as can easily be shown, the value 
of OQ when integrated throughout space is always constant enables us 
to define for it at each point in space a velocity v which will result in 
obedience to the equation of continuity, 


i 
—-+div pv=0 
ot 


The quantities p and pv thus defined may now serve to define a set of 
electromagnetic vectors through the circuital relations of electromag- 
netic theory, in the manner we have already indicated. The actual 
method of procedure adopted by Schrédinger is to define [ff2Qzdr 
for example as the z component of the moment of a doublet, the 
integral being taken formally throughout all space but in practice 
effectively through only a very small part of it. The moment thus be- 
comes the sum of a number of periodic terms of the form 


2x 2x 
M=A cos {Ei — E2)t+Aj33 cos =" —E;)t 


2a 
+---Aue cos (Ba — Baht : 
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Now on this sketch of the theory a few remarks must be made. 
Considering the application of the foregoing procedure to the hydrogen 
atom, one’s first reaction is one of concern on recalling that while the 
Hamiltonian function H is that for a particle revolving about a center 
of force, we have by a rather tricky procedure evolved another sort of 
a charge distribution. What is the relation between the two? Two 
courses are open to us in the adjustment of our mental equilibrium in 
this matter. We may deny that the original point particle had any 
status in reality at all, and we must then regard H as simply a mathe- 
matical form appropriate as a starting point from which to evolve by 
simple mathematical operations the set of numbers £,, F2, - - -etc., and 
also to evolve ultimately a definition of electric charge density and so of 
electromagnetic vectors which can experience space time variations 
with the frequencies determined by the difference of the numbers &£,, 
E.,--+, etc. The older theories started with a model, guaranteeing as 
far as possible simplicity for that from the start, and tolerating all 
subsequent complexity of mathematical expressions because they came 
from that nice model. Here our starting point to which we shall attach 
the label of simplicity is a mathematical expression. The model—the 
distribution of p—is devised from it and is a thing of complexity. Any- 
one who could have guessed the model at the start could, by working 
backwards, have suitably arrived by processes of definition at our subtle 
expression for H and have shown, as we have shown, that an analytical 
equivalent of his guess was the formally simple starting point we have 
made. Let us be honest with ourselves, however. We should have 
objected to our friend’s guess because he would have had to guess such a 
lot—so many E’s, etc. When we start with certain postulates A and set 
out to demonstrate conclusions B, it frequently happens that if we had 
started with B we could prove A. It may be that on the path of thought 
from A to B and back to A we may arrive at conclusions C which are 
simpler than either A and B and which yet would serve equally well as 
a starting point for a description of the complete circle of thought. In 
these days of abstract thought, there is a question as to whether the 
logical starting point should not always be taken as the one of fewest 
postulates irrespective of its degree of abstractness. At any rate one 
doubts the wisdom of starting with postulates more complicated than 
the final results proved from them with the sole object of preserving 


for the starting point a figment of reality which is often no more than 
a shadow. 
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For anyone who wishes to retain the elementary picture of an electron 
and nucleus appropriate to the Hamiltonian function on the older lines 
of thought, a way is still open. We may regard the process we have 
outlined as that of setting up a method of specifying, or if we like, a 
method of defining through (28), a quantity ¥’, a wave motion which is 
associated with the particle—not associated in the sense that the par- 
ticle produces the wave motion but merely in the sense that when one 
exists the other exists. And, in the same sense we may regard the dis- 
tribution p which we specified as one associated with the charge without 
thereby being the same thing. If we like we may say that just as at the 
beginning of this paper we emphasized the definitional nature of the 
electric and magnetic vectors in terms of a density and a velocity »v 
supposed assigned, the justification for their being defined being a hope 
for their ultimate usefulness, so now we emphasize the definitional 
natures of p and pv themselves in terms of another more fundamental 
entity, the electron of old classical theory, robbed now of all of its 
electromagnetic properties which are handed on to p and pv and retain- 
ing only its Newtonian dynamical characteristics. 

The Bohr theory merely carries matters to the stage of a determi- 
nation of the energy levels and then says no more about the vibrations 
other than that, somehow or other, they arise with frequencies equal to 
the differences of the energies divided by 4. The Schrédinger theory 
goes farther in defining a real quantity 22 which can be associated 
with the ultimate charge density, and which then gives rise to electro- 
magnetic vectors with wave characteristics and with the frequencies 
desired?. 

One of the criteria which presents the greatest artificiality at first 
sight is that which imposes the condition that the mysterious quantity 
¥ shall not be infinite at infinity. Little comfort can justifiably be de- 
rived from the general statement that no physical quantity can become 
infinite, for y has not made its appearance in the analysis heralded by 
any particularly physical sponsors. It would seem to have no more 
right to that mysterious title involved in the term physical quantity 
than 1/y has. We should be perfectly happy to have y zero at infinity, 
as indeed it turns out to be, and in this case 1/~ would be infinite there, 


? Alas! it is necessary to add in proof that Schrédinger has now found it necessary to 
abandon his idea; and, in the recent devolopments initiated by Heisenberg the role of 20 as 
a charge density has evaporated, and that function has been demoted to a measure of the 
probability of the presence of the electron at the place at which its value is given. 
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a curious truth which ought to alarm anyone who pins his faith to the 
finiteness of everything which he calls a physical quantity. I think, 
however, it is possible to impart a satisfactory amount of meaning into 
the condition that y shall not be infinite at infinity by observing that 
insofar as the amplitudes of the harmonic terms which constitute p turn 
out to be of the form y,.¥,, values of y which were infinite at infinity 
would, in general, lead to charge densities which were infinite there. 
Our restriction to cases where the y’s are not infinite at infinity amounts, 
therefore, not so much to a vital restriction, as to a limitation of our 
interest to those problems for which the charge density is not infinite at 
infinity. Put in other words, we may say that it is our intention to try 
to get on, as far as the correlation of all natural phenomena is concerned, 
by restricting our atomic pictures to those in which p is not infinite at 
infinity. 

There is another matter concerned with the quantity ¥’ which is 
worthy of comment. y’ is the quantity which satisfies the wave equa- 
tion (28) and with which is associated the velocity u. It is the so-called 
waves of this quantity which are regarded as diffracted by a grating in 
such a manner as to correspond to the experiments of Davisson and 
Germer on the diffraction of electrons by crystals. Let us recall the 
argument. 

The energy associated with the electron is purely kinetic, so that 
E=4m~2*. The ~’ waves which are associated with the electron conse- 
quently have a velocity 


E ( E )" 
“= =f — 
[ 2m( E—V) ]*/2 2m 


The frequencies of these waves is E/h so that the wave length is: 





A= 


u hE'!? h 
v 


” (mE mo 


Experiment shows that the electrons are treated by the crystal as 
electromagnetic waves having this wave length would be treated. But 
the y’ waves are not electromagnetic waves. As a matter of fact y’ is 
not even a real quantity for y’ =ype***"*. Ordinarily, when we write 
a quantity with an imaginary exponent we desire it to be understood 
as meaning thereby only the real part. Such is not the case here, how- 
ever; for it is precisely because y’ is the whole complex quantity pe**#*/* 
that the expression when multiplied by its conjugate gives rise to a real 
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charge density with frequencies determined by the differences of the 
E’s. We thus have the spectacle of a really “complex” quantity acting 
on a real crystal in such a way as to suffer diffraction by its means.’ 
Now, I do not think that we ought to shut our eyes to the possibility 
of using complex quantities in our physical theories in such a manner 
as to give them a more dignified status than that of mere analytical 
intermediaries. We might enrich the content of our means of expressing 
valuable relationships by attaching to a planet three complex quantities 
for its coordinates instead of three real numbers. It might be that 
equality of the real parts for two planets might symbolize a collision and 
equality of the imaginary parts, some other common property. How- 
ever, we do not customarily do this kind of thing, so that it is just as 
well to realize quite clearly that we are doing it when we speak of the 
v’ waves as being diffracted by a crystal. I hope to show presently how 
we may avoid the undesirable features associated with a “complex” 
function, but before doing this, I should like to raise another difficulty 
in order that we may make an attempt to overcome both difficulties at 
the same time. 

Returning once again to the ultimate picture presented by the Schré- 
dinger atom for the three-dimensional case, the w’s in the expression 
for the density are undetermined to the extent of arbitrary constant 
factors, so that without further specification there is nothing to fix 
definitely the relative amplitudes of the harmonic terms in the ex- 
pression for the electric moment associated with the atom. The miss- 
ing feature becomes filled in by what turns out to be a possible associ- 
ation of the coefficients of the harmonic terms in question with the 
elements gm» as given by the matrix theory. I do not propose to discuss 
this matter further than to remark that even when the coefficients have 
become fixed we are in the same difficulty as we were in with the matrix 
theory in respect to the meaning of the results obtained. The immediate 
interpretation implies all the frequencies as coexistent at once, and fails 
to provide for radiation in quanta. We can still revert to the formal 
plan of saying that the picture does not represent the facts at all, and 
that we really do have stationary states represented by the E’s, and the 
atoms can only be in one of these states at a time, and that the coef- 


* Of course, it must be admitted that the difficulty is really no greater here than in any 
other part of the history of the ¥’ wave, for here, as in all cases, the behaviour of that wave is 
determined by the wave equation acting in cooperation with the velocity distribution through- 
out the medium. The diffracting centers exert their influence on the wave velocity through 
their effect on the potential energy in their immediate vicinities. 
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ficients referred to above measure the probabilities of transitions. Un- 
fortunately, our definition of charge density and our realization of a 
vibrating mechanism in terms of this charge density is carried too far 
in the theory to permit us to rob the charge so defined of the power to 
complete the whole story—at least if we rob it of this power there re 
mains nothing to our feat of having brought it into existence, and the 
whole theory reverts to a purely formal procedure for calculating the 
frequencies and intensities. 

In spite of the above difficulty a way is open to us of preserving a 
significance to our charge density—at least in a case of no more than 
three degrees of freedom; and, at the same time, we shall be able to 
avoid the unwelcome concept of a wave which is complex. 

Our starting point is again the equation 


ary’ 
at? 





=0°7>y’ (32) 


but instead of writing y’ = pe***"/* we shall write 
¥’ =v cos 2xEt/h or ¥ sin 2x Et/h 


each of these, when substituted in (32) leads to Schrédinger’s equation 
for ¥, so that they serve as well as the solution y’ =ype*"**“* for the 
purpose of leading to a means of specifying characteristic values of E 
through that equation. 

Now, however, instead of defining Q by the sum of a number of terms 
involving all the possible values of E as in (29), we reconcile ourselves 
to the belief so familiar in the old Bohr theory that even when radiation 
is occurring, the atom may be in one state of radiation or in another, 
but it can only be in one state of radiation at a time, and that in the 
expression of this state, only the two energy levels associated with the 
particular transitions are involved. For the state of radiation typified 
by the subscripts m, n, we make the following definitions: 


Sm=log [Ym cos 2rEnt/h] 
S,=log[y, cos 2rE,t/h| 
Sm=log [Wm sin 2rEnt/h] 
S,=log[y, sin 2E,t/h| 
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We then define 


2rEmt 2rE,t 
S=Sy,+S, =log Ymn COS i cos 














h 
din’ fam - 2rE,t . 2nE,J 
S=SntS, =log Ympn sin sin 
h h 
and finally we define p as 
ver y v4 2rEmt 2rE,t BES . ] 
=eS+eS5=y,u7,| cos—— cos — sin sin 
p=e+e cos ; Os ; ; ; 
2x 
p=Vntcos—(Em— En)t (33) 
1 


so that again we have realized a definition of p having the desired char- 
acteristics, but without importing, as an intermediary, a y’ wave having 
to do with other than real quantities. One might be inclined to criticize 
the above procedure on the basis of artificiality, but it is really no more 
artificial than its immediate predecessor, for in that there was no reason 
for defining p as it was defined by (31) other than the fact that the p so 
defined had the appropriate frequencies. Indeed the p which we have 
defined in (33) has a more clearly understandable status than has the 
old p. We may, if we like, regard it as the p belonging to the virtual 
oscillator of Bohr, Kramers and Slater‘ for the frequency ym. It is, I 
think, better to regard it as having no particularly close relation to the 
electron’s charge. It is something which comes into existence during 
the “transition.” One with ultramaterialistic leaning will probably wish 
to regard it as precipitated from the aether, to be redissolved again 
when its task is accomplished. Even if its creation violates the equation 
of continuity, the conservation of its total amount provided for by the 
normal functional nature of y,, and y, enables us to define, as associated 
with it at each point of space, a velocity v which will preserve the equa- 
tion of continuity during its existence in the form specified by (33); 
and, with this properly assured, it can serve in conjunction with pv to 
define a set of electromagnetic vectors EZ, H, satisfying Maxwell’s equa- 
tions, as already explained. 

If one attempts a procedure similar to the above in the case of a 
system of more than three degrees of freedom, he encounters a difficulty 


4 Phil, Mag., S. 6, 47, pp. 785-802; 1924. 
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arising from the fact that p then becomes defined in the space of the 
generalized coordinates, and there is no immediately obvious way in 
which a physical significance may be preserved for it. However, a little 
further scrutiny of the matter raises the question as to whether there 
was ever any necessity to have brought it into existence at all. 

Two quantities p and pv are necessary, in general, to serve as a starting 
point for the definitions of a pair of vectors E and H satisfying Max- 
well’s equations. By proceeding to the limiting case for two equal and 
opposite charges in close proximity, we may, however, realize definitions 
of E and H requiring only the specification at each point of a vector V/ 
and its time derivative, M corresponding of course to the moment of a 
doublet. In particular the specification of M and M at one particular 
point is sufficient to serve as the starting point for the definition through- 
out all space of a pair of vectors E and H satisfying Maxwell’s equations. 

Now, except for slight complications in the algebraical expressions, 
the argument we have already made down to equation (33) applies as 
well for a multidimensional as for the three-dimensional case, but in 
the former case y,, and wy, are functions of all the generalized coordi- 
nates, so that p no longer has a significance as attached to a three- 
dimensional space. The subsequent procedure usually adopted for 
arriving at the moment by integrating throughout the multidimensional! 
space does, however, lead to a definite quantity M, a vector character- 
istic of the atom and of the m-n transition, a vector, moreover, whose 
magnitude varies harmonically with the frequency v,,, desired. The 
analysis does not assign any point of application for this vector. On 
the other hand, it does not place any restriction on our assigning it to a 
single point in the atom if we so wish. If it had represented this vector 
as a sort of resultant of a number of vectors applied at different points 
of the x, y, z space we would not have been at liberty to regard it other 
than in the light in which the analysis presented it to us. As matters 
stand, however, we are free to assign this vector to any point of the 
atom we choose, and it, with its time rate of change, provides a basis 
for defining our E and H throughout space without any further thought 
of a real density distribution p associated with it. We are still left with 
an unsatisfactory state of affairs arising from the fact that the doublet 
goes on oscillating theoretically forever, so that there is no feature to 
limit the radiation to the amount fy. I think it may not be impossible 
to take care of this matter by making a slight change in the original 
wave equation. Instead of (28), let us write 
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By writing y’=yT7, where y is a function of x, y, z, only, and T is a 
function of ¢ only, we readily find that 





vy+—= (35) 
u 
and 
eT oT 
+b—-+KT=0 (36) 
ot? ot 


where K is a constant. 

If vy is the undamped frequency corresponding to (36), K =47°v, so 
that if y= E/h, equation (35), in view of (27), becomes Schrédinger’s 
equation 


8x2m 
vt V)y=0 


and (36) leads to solutions of the form 


4rE* }? 
T = Be cos I( -—)i-3] 
h? 4 


showing now a damped harmonic motion with frequency very slightly 
different from E/h. The consequences of this extension may be pursued 
to a more complete logical outcome in connection with the specification 
of the intensities, but the story is rather too complex for brief state- 
ment. 

It is perhaps worthwhile to bear in mind that a grave difficulty always 
remains in any theory which seeks to attain its end by providing for an 
oscillator which sends out waves of some kind or other as the causes 
responsible for the optical effects. The difficulty is concerned with the 
comparative rarity of such phenomena as the photoelectric effect—the 
old question as to why all parts of the wave front do not produce the 
same effect.' The difficulty of an ordinary electromagnetic wave being 





5 One of the most recent developments of the New Dymanics is involved in Heisenberg’s 
“Principle of Indetermination,” which among other things, deals with the statistical aspects 
of quantum phenomena. It is not practicable to extend the present account so as to include 
the results of this principle. 
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unable to give to an electron in a reasonable time photoelectric energy 
comparable with that observed is not one which need trouble us 
seriously, for an adjustment of the law of force might readily be made 
to overcome this. Such adjustment does not provide for the fact that 
only an electron here and there is ejected, however. Formally, the 
Schrédinger theory has its own method of determining such a phenom- 
enon as a photoelectric effect, at least such is the case on a view which 
regards the electrons as synonomous with the distribution of p with 
which the theory concerns itself. For, the logical pursuit of the con- 
sequences of the theory makes us see the light wave cooperating with 
the atom whose electron is to be ejected in such a way as to secure for 
the system of atom and light wave a Hamiltonian function which shall 
in turn lead toa Schrédinger equation which will, in the ultimate solu- 
tion, for p as a function of x, y, z, and #, tell the story of the photo- 
electric departure. It is in this way that the origin of the recoil electron 
is accounted for in the Compton effect, and the scattered x-ray finds 
its natural origin in the oscillations of the electric charge density which 
is the representative of the recoil electron. Even here, however, there 
seems to be nothing obviously available to provide for the infrequency 
of the event. We have always revolted against the thought of only a 
few atoms being in a state receptive to photoelectric influence; and, 
indeed, it would be hard to adapt such an idea to the story as told by 
the Schrédinger theory. If we decide to rule this thought out of court 
and yet retain the electromagnetic wave idea as a language in terms of 
which to describe the phenomena, it must be in a two-fold capacity that 
we must use it. In one capacity it must function as a means of determin- 
ing for the atom on which it falls » suitable Hamiltonian function in 
terms of which to provide, through the Schrédinger theory for the 
characteristics of such quantum transitions, photo-electric effect,Comp- 
ton effect, etc., as may occur; but the occurrence of the transitions must 
not be treated as certainties but merely as possibilities. As to whether 
they occur or not is to be determined by whether or not a quantum of 
energy (in the corpuscular sense if we like) comes to the atom. From 
the original source of the electromagnetic wave a quantum is to be 
supposed emitted during the transitions there occurring. The proba- 
bility of its emission through any element of surface ds surrounding the 
virtual oscillator in the time di is to be taken as proportional to the 
product of dsdt into the magnitude of the Poynting flux at ds. Once it 
is emitted the quantum is to be supposed to follow the lines of the 
Poynting flux determined by that transition wave, and all the secondary 
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waves which it sets up in the other atoms. It may be that the virtual 
oscillators which represent the atom’s participation in this process are 
just those which the Schrédinger theory gives as corresponding to the 
natural oscillations of the atom. Only one of all the surrounding atoms 
will receive the quantum. If an atom does not receive it, nothing 
happens to it. If it does, then the subsequent history of events in the 
transition produced goes on according to the Schrédinger process. 

And so we come to the end of a very long story, but an end which is 
not yet rounded off. In viewing the whole situation from an unbaised 
point of view, one is impressed with the feeling that in these theories of 
the last few years, we have found many of the bricks from which the 
architecture of nature is formed. They are not yet all in their correct 
places, and much is wrong with the mortar which holds them together. 
We do see, however, a greater unity to the individual elements as part 
of a complete structure than we have ever seen before. 


BarTOL RESEARCH FOUNDATION. 
PHILADELPHIA, PA, 





A MEASUREMENT OF RADIATION AT ABOUT 5yu 
By Krinc E. Govutp 
INTRODUCTION 


This paper is intended as an exposition of the methods and apparatus 
which were employed in certain measurements of radiation from a black 
body at about 300 C, that is, infrared radiation in the region of 5u(5 x 104 
Angstroms), by means of a linear thermopile. These measurements in- 
volved two principal features which seem worth describing, namely: 
(1) The thermopile and (2) The temperature-control methods utilized 
in connection with this thermopile. 

The thermopile was constructed by a somewhat new process which 
appears to have advantages over those previously used, at least for 
certain types of thermocouple elements. 

The principles used in controlling the temperature of the air and of 
all surfaces surrounding the thermopile are not new, but as applied, they 
afforded a close regulation of all external effects on the thermopile. It is 
felt that a description of these temperature-control methods might 
prove useful to one desiring to utilize a sensitive thermopile for certain 
radiation measurements in which the stability of the thermopile is a 
limiting factor. 

The measurements with which this paper is concerned arose out of 
the development of a new machine for integrating a functional product, 
which machine and the particular purpose for which these measure- 
ments were made will be described in another paper. The work was 


done in the Department of Electrical Engineering at the Massachusetts 
Institute of Technology. 


PHYSICAL REQUIREMENTS 


The principal physical requirements which had to be fulfilled in the 
development of the machine mentioned above were as follows: 

1. A plane, black surface about 30 cm by 60 cm maintained at 
approximately a constant temperature in the neighborhood of 300°C 
over a period of several minutes, the temperature being approximately 
the same over the entire surface. 

2. A thermopile capable of measuring the radiation from this hot 
surface, falling on a narrow strip 0.3 cm by 90 cm, 3.66 meters directly 
in front of the above surface. This thermopile was required not only to 
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give an emf proportional to the incident radiation, but also to be of 
approximately the same sensitivity along its entire length. The emf 
of this thermopile was to be measured by means of a sensitive, short- 
period galvanometer. 

3. A system of shielding which would make all changes, over a period 
of perhaps a minute, in the radiation from surrounding objects have a 
negligible effect on the thermopile, as compared with the effect of the 
radiator. This shielding was also required to include two screens whose 
interposition between radiator and thermopile would prevent any radia- 
tion from the hot surface reaching the thermopile and would substitute, 
for the radiator, a surface at a lower temperature. These screens might 
be polished to reduce the effect on the thermopile of slight changes in 
the temperature of the screens. One of these screens was to be placed 
only 20 cm or so in front of the radiator; the other was to be half-way 
between radiator and thermopile. 


SOLUTION OF THESE PHYSICAL REQUIREMENTS 


Radiator. The radiator requirements were fulfilled quite satisfactorily 
by using a plate of copper 0.75 x 46 X90 cm coated with India ink on one 
side and heated from behind by radiation from nichrome coils strung 
on small porcelain insulators. A sheet of nickel was used as a reflector 
behind the nichrome coils, and a sheet-iron case with a 6 cm wall of 
mineral wool was placed around the back of the radiator, the heater 
elements and the reflector. 

As the radiator was placed in a vertical position, the conduction and 
convection losses were greater at the bottom than at the top, due to 
the cool air entering at the bottom and being gradually heated as it 
passed upward. Moreover there were losses due to conduction from the 
edges of the radiator to the surrounding heat insulation, which tended 
to make the surface near the edges cooler than at the center of the radia- 
tor. The effect of conduction from the edges was reduced by making the 
actual surface larger than the surface from which the radiation was 
measured, and unequal cooling was compensated for by adjusting the 
distribution of heat input to the radiator. 

Fig. 1 shows the temperatures measured with a copper-constantan 
thermocouple placed successively in nine small holes about 6 cm from 
the top and bottom and 14 cm from the ends of the copper plate. This 
was deemed sufficiently near a uniform temperature distribution for the 
measurements in hand, although there seems to be little doubt that a 
much greater precision of temperature equalization could be attained, 
if necessary, by further adjustment of the heater distribution. 
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The difficulty of keeping the radiator at approximately constant 
temperature over a period of several minutes was not a serious one as 
the thermal capacity of the radiator was high; the input was held con- 
stant, and the heat losses were maintained approximately constant 
by preventing any considerable drafts and by keeping the temperature 
of the ambient air from changing too rapidly. 

Thermopile. The thermopile which was developed for these radiation 
measurements used a type of element which was produced by asome- 
what new method. The elements were made by electrically welding the 
end of a piece of manganin 0.064 cm by 0.95 cm by 1.25 cm to the end 
of a similar piece of advance, filing away the fin produced by the weld, 
and rolling the composite strip, along the length of the joint, to a thick- 
ness of about 0.0015 cm. The welding was done in a Thomson welder, 
and the difference between the melting points of the two alloys was 
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compensated for by allowing the advance to project from the jaws 
farther than the manganin, the distance being adjusted until the two 
pieces reached their melting points simultaneously, thus producing a 
perfect weld. 

The rolling was done in a pair of small hand rolls: the annealing was 
done in a gas furnace, the strips being placed in a cast iron tube through 
which nitrogen was continually passed to prevent oxidation. A tempera- 
ture of about 850°C was required to anneal the advance, which proved 
the less workable of the two alloys. In rolling, strips longer than five 
centimeters or so would crinkle in the rolls, so the pieces were kept cut 
below this length. When the rolling had brought the metal to about 
0.0015 cm the pieces were cleaned and “tinned” along the edges and 
glued between a piece of plain paper and a piece of rectangular coordi- 
nate paper, the metal being placed with the joint parallel to one axis. 
The composite sheet was cut into strips 0.127 cm wide, across the welded 
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joint, and the paper removed from the metal. Thus were produced 
elements which could be soldered to supporting terminals. 

The thermopile consisted of 256 elements equally spaced along a 
length of 90 cm behind a slit 0.3 cm in width. Fig. 2 illustrates, in cross 
. section, the arrangement of this instrument, drawn approximately to 
scale. A represents the thermocouple elements, mounted between brass 
blocks B to which they were soldered. These brass blocks were set in 
grooves milled in the brass bar, C, as shown, the blocks being insulated 
from each other and from the bar by sheet mica. Fig. 3 illustrates in 
detail the arrangement of the elements, the length between the brass 
blocks being about 0.95 cm. 

The brass bar C in Fig. 2 was held against the front strips Z as shown, 
with spacer blocks D between the two. The front strips EZ were bolted 
to cross pieces at the ends, and to E were soldered two sheets of copper 


a 
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which formed a jacket F around the thermopile. This jacket was filled 
with water, each end being closed and an inlet and outlet provided. 
Leads from the thermopile came out through a hard rubber block on 
one end. 

The aperture through which the radiation was admitted was bounded 
by two brass strips G which, together with the copper clamps H which 
held on the rock salt window J, were bolted to E. The rock salt window 
was sealed in with wax, which was also used to seal up all cracks around 
the case in order to prevent drafts from striking the thermocouples. 

The emf of the thermopile was measured by means of a galva- 
nometer with a sensitivity of 3.7 mm per microvolt and a period of 
6.5 seconds with the critical damping resistance, approximately the 
resistance of the thermopile, 50 ohms, in series, the galvanometer coil 
resistance being 12 ohms. This galvanometer was mounted on the 
support seen over the table at the right of Fig. 5, and was used with a 
scale distance of one meter. 
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Shields. Because the thermopile was sensitive to radiation from sur- 
rounding objects, it was necessary to install shields and baffles, as shown 
schematically in Fig. 4, the temperature of these surfaces being closcly 
regulated. These shields and baffles were placed so that no point on the 
thermopile 7 received any radiation except from the screens S’ or S’’, 
the baffles and shields and the source. The dotted lines in Fig. 4 illus- 
trate this statement. 

The shields and baffles were maintained at nearly constant tempera- 
ture by supplying them with circulating water from a large, thermo- 
statically-controlled reservoir, the water being pumped from this tank 
through a closed, heat-insulated reservoir large enough to contain an 
amount of water equal to that supplied by the circulating pump over a 
length of time corresponding to several complete periods of thermostat 








operation in the first reservoir. Thus, the average temperature in the 
first reservoir was kept approximately constant and the effect of the 
periodic fluctuation of temperature necessary to operate the thermostat 
was almost entirely removed by using a second reservoir to obtain more 
nearly an average temperature over several periods of thermostat opera- 
tion. 

The shields and baffles were all made of galvanized iron to which 
copper tubing which conveyed the circulating water was soldered and 
were painted black and smoked with camphor gum. The entire machine 
was surrounded with wall board as shown in Fig. 5, which is from a 
photograph of the machine as it was actually constructed. 

The shields and baffles were divided into two parts which were sup- 
plied separately with circulating water. One half consisted of all the 
surfaces between the middle screen S’’ and the thermopile, including a 
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frame to which the middle screen was clamped. The other half com- 
prised the surfaces between the middle frame and the radiator, including 
a frame to which the longer screen S’ was clamped. The half nearer the 
radiator was supplied with circulating water directly from a small gear 
pump, the intake to the pump being in a 200-liter open steel drum 
filled with water. The outlet from this half of the system passed through 
a coil of copper tubing before returning to the open steel drum. This 
coil of tubing was surrounded by a water-tight brass drum through 
which cold tap water was passed; this served to cool the water in the 
open drum. 

The half of the system nearer the thermopile, which included practi- 
cally all of the solid angle over which the thermopile received radiation, 


Fic. 5. 


was supplied by the same gear pump, but through a parallel line which 
went first into a heavy, closed, 200-liter steel drum surrounded by a 
layer of cotton which served as heat insulation. The water was forced 
out of this closed drum through the circulating system nearer the ther- 
mopile and back into the open steel drum. 

This open drum had in it a mercury thermostat containing nearly 
3 kg of mercury. A platinum wire extended into the 1 mm capillary 
tube of this thermostat, the space above the mercury being filled with 
argon. The open drum also contained two heating elements, coated 
with wax to insulate them from the water in which they were sub- 
merged. Both heaters, as well as the cooler mentioned above, were 
controlled by the thermostat, through a series of relays. When the 
mercury in the thermostat was in contact with the platinum wire, the 
heater was off and cold tap water flowed through the cooler; when the 
mercury fell below the end of the platinum wire, the heater went on and 
the tap water was shut off. 

The air surrounding the thermopile case had to be maintained at 
nearly constant temperature in order to prevent the temperature of the 
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case from changing rapidly enough to affect the thermopile; the temper- 
ature of the circulating water could not be regulated closely enough to 
permit its use in controlling the temperature of the thermopile case. 
To keep the air surrounding the thermopile case at nearly a constant 
temperature, as well as to aid in keeping the shields at constant temper- 
ature by reducing the heat transfer from them to the air at room 
temperature, the half of the machine nearer the thermopile was sur- 
rounded completely with a 12-cm layer of cotton, packed lightly in a 
wall-board shell. As it was necessary for air to pass by a number of 
water-cooled baffles along a 2.5-meter path from the middle aperture 
to reach the thermopile, it was considered unnecessary to surround the 
entire machine with heat insulation. 

As was mentioned above, the metal screens S’ and S’’ were clamped 
to frames through which the circulating water passed. These frames 
were made of square brass tubing with phosphor-bronze clamps which 
held the screens in good thermal contact with the frames. The frame 
at the center of the machine was 30 X30 cm on the inside and was sta- 
tionary. The frame just in front of the radiator was 30120 cm on the 
inside and was mounted so that it could slide until either half of the 
frame was directly in front of the effective part of the radiator. The 
side of the long screen towards the radiator was blackened and the side 
toward the thermopile was left in its original bright state, copper oe 
aluminum perhaps 0.04 cm thick being used. 


RESULTS OBTAINED 


The requirements outlined at the beginning of this paper for the radi- 
ator, thermopile, and temperature-control system seem to have been 
fairly well met. The galvanometer deflection due to exposing the entire 
radiator was about 195 mm, with a deflection steady enough to permit 
of readings to about 1/2 mm. This deflection was reached within per- 
haps ten or fifteen seconds after the radiator was exposed, and the inter- 
position of the longer screen would cause the galvanometer to return to 
its original position in about the same length of time. 

The extent to which the effects of external influences on the thermo- 
pile were controlled by the methods outlined above is best illustrated 
by a curve such as that of Fig. 6, which shows the drift of the galvanom- 
eter deflection which occurred under favorable conditions with the 
laboratory closed to avoid drafts, after the circulating system and the 
radiator had been in operation overnight, the apparatus being made 
sufficiently automatic to permit of its continuous operation. 
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The drift of the galvanometer deflection due to changes in the temper- 
ature of the circulating water, in the temperature of the surrounding 
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air, etc., was reduced to a point where this effect was not the limiting 
factor in taking the readings. Calculations based upon the measured 
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galvanometer drift showed that the baffles and shields in the thermopile 
~cnd of the machine were certainly maintained to within 0.01°C over a 
period of several minutes. 
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Fig. 7, which has been included to illustrate the accuracy with which 
readings could be taken, and in corroboration of the measurements of 
uniformity of temperature over the radiator surface, shows the galva- 
nometer deflection as a function of the length of radiator exposed to the 
thermopile, as the screen nearer the radiator was slid along its length. 

What is apparently a somewhat new type of sensitive thermopile has 
been constructed, differing from the one first devised by Dr. Moll! in 
the method of joining the two alloys from which the elements are rolled, 
an electrical weld rather than a silver-soldered joint being used. Al- 
though the thermopile in this machine had not an exceedingly high 
sensitivity, as the elements were not rolled thinner than about 0.0015 
cm, this type of element seems capable of at least as high a sensitivity 
as the Moll element, with considerably less difficulty, due to the greater 
ease with which the welded strip can be worked, since the joint will 
withstand as high a temperature and is as strong as manganin, which 
is the weaker of the two alloys and has the lower melting point. 


195 Broapway, 
New York, N. Y. 


' Proceedings of Physical Society of London, 35, pp. 257-260; August, 1923. 
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AN IMPROVED ROSA CURVE TRACER* 
By N. E. Bonn 


Some 30 years ago there appeared in the Physical Review' an article 
by the late Edward B. Rosa, then professor at Wesleyan University, 
describing an interesting new instrument for the accurate and rapid 
determination of wave forms of alternating current generators. This 
instrument was based upon the well known point-by-point method 
which Dr. Rosa rendered semi-automatic and very accurate by a 
series of ingenious modifications. Shortly after the appearance of 
this article, Blondel introduced his electromagnetic oscillograph which 
captured the imagination of electrical men to such an extent that all 
devices based on the contact method, including the Rosa curve tracer, 
were relegated to the background. During his lifetime Dr. Rosa 
always felt that his instrument never received a fair trial and that 
if properly constructed, the curve tracer would prove a valuable tool 
for research and educational work. However, his fundamental work 
on the determination of the ratio of the electromagnetic and electro- 
static units and his other manifold duties at the Bureau of Standards 
prevented Dr. Rosa from giving this subject much further attention, 
and thus the matter rested for a number of years. 

Some time ago the author had occasion to make a study of a small 
1000 cycle inductor type alternator with a view to improving the form 
of its wave. Because the electromagnetic oscillograph cannot be relied 
upon for faithful reproduction of complex wave forms at the higher 
frequencies, use was made of an old Rosa curve tracer which happened 
to be available. After experimenting with this instrument for some 
time, the author was so impressed with its performance and general 
utility that it was decided to redesign the curve tracer in order to adapt 
it to the needs of research and college laboratories. While the original 
instrument was capable of very good results in the hands of such an 


* Submitted, in part, as a thesis to the faculty of the School of Engineering, University of 
Pittsburgh. Published with the permission of the Dean. 
1 Physical Review, 6, pp.’17-42; 1898. 
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excellent experimenter as was its inventor, it was somewhat com- 
plicated from the point of view of the average user. The present modi- 
fied design is of much smaller dimensions and is not only simpler, but 
also more accurate, due chiefly to improvements in the contact making 
device. If view of these improvements and because the Rosa curve 
tracer has proven itself uniquely adapted for many types of investi- 
gation, it is considered justifiable to attempt to revive interest in this 
versatile and accurate piece of apparatus. 


THE POINT BY POINT METHOD? 


As stated above, the Rosa curve tracer is based upon the point by 
point method. The details of this method have been variously arranged 
by different workers, but the general principle may be understood by 
reference to Fig. 1. A disc made of hard rubber or other suitable non- 
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Fic. 1. Principle of point-by-point method. 
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conductiong material is mounted on the shaft of dynamo M whose 
wave form is sought, or is otherwise revolved synchronously with it. 
A small conducting segment carried on the periphery of this disc makes 
contact of relatively short duration once during each revolution with 
stationary metal brush B which causes condenser C to be charged to a 
potential difference equal to the difference of potential existing at the 
instant of contact at the terminals of a non-inductive resistance 
suitably connected in the circuit. The condenser is then discharged 
through a ballistic galvanometer G by means of switch N. The de- 
flection of the galvanometer is a measure of the quantity of electricity 
stored in the condenser which in turn is proportional to the unknown 
potential difference. Brush B is now moved to a new angular position 


? For a more complete description of this method consult Laws’ “Electrical Measurements,” 
first Edition, pp. 613-619. 
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and the condenser again charged and discharged. By plotting the 
various galvanomter deflections against the corresponding brush 
positions, one may obtain a more or less faithful picture of the wave, 
depending upon the number of points taken and the care exercised in 
performing the experiment. 

The process of obtaining the wave form by the above method is a very 
laborious one and, when accurate results are sought, generally con- 
sumes much time. Both the frequency and the voltage must be kept 
very constant throughout the experiment, otherwise distortion will 
take place. Unless the alternator is under immediate control of the 
operator, it is almost impossible to obtain accurate results. With the 
Rosa curve tracer, on the other hand, the most laborious and time con- 
suming parts of the operation, the setting of the brush, the taking 
and recording of the readings and the actual plotting of the curve, 
are performed automatically, and as a consequence a complete wave 
may be plotted in a very few minutes instead of several hours. This 
greatly diminishes the chances for variation in voltage and speed and 
results in great accuracy which is still further increased due to the 
use of the potentiometer principle, making the results entirely inde- 
pendent of galvanometer characteristics and possible errors in its 
calibration. 

DESCRIPTION OF THE ROSA CURVE TRACER 


Fig. 2 is a photographic front view of the new Rosa curve tracer, 
while Fig. 3 is a schematic representation of the main principle in- 
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Fic. 2. The new Rosa curve tracer. 


volved. MN is a bakelite cylinder wound with a single layer of bare 
manganin wire which carries a constant metered current from one or 
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more storage cells. The potential difference between sliding contact 
P and point Q at the middle of the slide wire is proportional to the 
distance between P and Q and is positive when P is to the left of Q and 
negative when P is to the right of Q@. When sliding contact P touches 
point Q, there is, of course, no potential difference between them. 
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Fic. 3. Method of the Rosa curve tracer. 











The alternating current whose wave form is sought passes through 
a non-inductive resistance XY, the terminals of which are connected 
through the contact maker B and a galvanometer G to points P and Q. 
During the instant of contact there are acting in the galvanometer 
circuit two electromotive forces, one of which is proportional to the 
instantaneous value of the current passing through resistance XY, 
while the other is proportional to the distance between P and Q. If 
the position of P is adjusted until the galvanometer shows no deflec- 
tion, the linear distance between P and Q becomes a direct measure 
of the instantaneous value of the unknown wave. The distance PQ 
could therefore be used as ordinates and the angular position of brush 
B as abscissas and the curve plotted in the usual manner. 

To avoid the necessity of reading, recording and plotting the various 
values of current and electromotive force which go to make up the 
curves of these quantities, the instrument is so constructed that as 
soon as any instantaneous value of the current or voltage has been 
balanced against the potentiometer slide wire, that value is immedi- 
ately printed on a sheet of paper carried on a cylinder, the axis of which 
is parallel to the cylinder MN. At the same time both brush B and the 
paper carrying drum are advanced to a new angular position and 
everything is ready for another point to be recorded. Just how this 
is accomplished will be understood by a reference to Figs. 4 and 5. 
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The bakelite cylinder carrying the potentiometer slide wire has a 
double thread as shown in Fig. 4. The wire is wound in the shallower 
of the two threads, while the deeper thread serves as a guide for a 
mechanism which carries contact piece K attached to spring S and also 
printing point P (Fig.5). As the crank handle attached to the potenti- 
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Fic. 4. Construction of potentiometer slide wire. 


ometer cylinder is turned, both the sliding contact K and printing 
point P move in one or the other direction parallel to the paper drum. 

When the galvanometer has been brought to zero by moving con- 
tact K to the proper position the printing lever (shown in the photo- 
graph, Fig. 2) is lifted, causing a swivel bar to strike the short arm of 


Fic. 5. Printing mechanism. 


lever L which throws printing point P against a typewriter ribbon 
and thus prints a point on the paper. Dropping the lever causes the 
paper drum or cylinder to advance by means of a ratchet and pawl 
arrangement through a certain angle, the amount of this advance 
depending upon the movement of the printing lever. This may be so 
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adjusted by the operator that the pawl engages one, two or more tecth 
of the ratchet for each throw of the lever, and this adjustment deter- 
mines the distance between successive points on the paper. The points 
may be plotted so close together as to form a practically continuous 
line, or they may be separated by an appreciable distance, depending 
upon the operator’s choice and upon the nature of the wave under 
investigation. The paper-carrying cylinder is in turn adjustably 
geared to the brush carrier, which also advances as the printing lever 
is dropped. Thus the single operation of lifting and dropping of a 
lever not only prints a point on the paper but also advances both the 
paper drum and the contact making brush to a new position, setting 
everything in readiness for the next point. 

The galvanometer is a fairly sensitive, dead beat instrument of 
short period. The observer keeps his eyes fixed upon the galvanom- 
eter scale. The right hand turns the crank handle of the potenti- 
ometer cylinder, the left hand operates the printing lever. As soon as 
the galvanometer deflection is brought to zero, the lever is lifted and 
immediately again dropped. This prints a point, and at the same time 
destroys the condition of balance by changing the angular position 
of the brush. The operation is repeated in rapid succession and be- 
comes practically continuous. After some practice an average person 
may be expected to print as many as 20 points per minute. 


THE CONTACT MAKING DEVICE 


In all instruments based upon the point by point method, especially 
where no condenser discharge is involved, the contact making device 
is perhaps the most important and at the same time the most trouble- 


Fic. 6. Original arrangement of brush and contact. 


some feature. Accurate results demand a good clean contact of reason- 
ably definite, but very short duration, and one that does not readily 
go out of adjustment. The shorter the duration of contact, the more 
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faithful the reproduction and the greater the range of usefulness of the 
instrument. 

In its most elementary form the contact maker consists of a small 
conducting segment or pin, embedded in a disc of insulating material, 
and of a solid silver brush pressed against the disc by a stiff coiled 
spring in a manner illustrated in Fig. 6. This construction was generally 
used in all the earlier forms of the Rosa curve tracer as well as in most 
other instruments employing the contact method. For mechanical 
reasons the brush could not be made very thin, and its thickness 
often exceeded 1/16 inch. It can be shown by simple calculation that 
with this arrangement it is practically impossible to get a contact of 
short duration which, as pointed out above, is the most important 
requirement for accurate results. If we designate by 

a, the thickness of the brush 

b, the thickness of the conducting segment 

c, the duration of contact in electrical degrees 

d, the diameter of the disc 

f, the frequency in cycles/second and by 

n, the speed of the disc in rpm 
then the relation existing between the thickness of the brush, the 
duration of the contact and the disc diameter may be expressed by 
the following equations: 
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If a=1/16 inch, b=1/32 inch and d=4 inches, then the duration of 
the contact for a disc speed of 1800 rpm and a frequency of 60 cycles 
is over 5 degrees, which is excessive. The situation is, of course, worse 
yet when wave shapes of higher frequencies are sought. Thus in the 
investigation referred to above the frequency was 1000 cycles per 
second at a disc speed of 2000 rpm. The contact duration for the 
case as computed from equation (1) is about 80 electrical degrees. 

On the other hand, assuming a permissible duration of contact of 
one electrical degree and the brush and contact thickness as above, 
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the required diameter of the disc for various frequencies and spceds 
may be computed from equation (2). Thus for a frequency of 60 
cycles and a disc speed of 1800 rpm the disc diameter should be about 
22 inches. For the cited 1000 cycle case a disc of some 20 feet in diameter 
would be required, which is obviously impracticable. 

Again, assuming a disc diameter of 4 inches and a permissible dura- 
tion of contact of one electrical degree, the permissible thickness of 
brush and contact may be computed from equation (3). For the 60 
cycle case the combined thickness of brush and contact should not 
exceed .02 inch; at the higher frequencies the thickness of the brush 
almost vanishes. 

The above discussion shows that in order to produce an instrument 
capable of accurate results and possessing, at the same time, reason- 
able dimensions, the contact making device must be constructed along 
lines entirely different from the conventional design. Just how this 
was accomplished will now be described. 


THE IMPROVED CONTACT MAKER 


Before the present highly satisfactory method was finally adopted, 
numerous other arrangements were tried and discarded for various 
reasons. Some of these are of sufficient interest to warrant brief des- 
cription. 

One of the most promising constructions is illustrated in Fig. 7. 
Here use was made of two like silver brushes mounted on the same 
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Fic. 7. Double brush construction. 


carrier, so that they would advance together during the plotting of the 
curve. The distance between the two brushes as measured on the peri- 
phery of the disc was about 60 degrees and was slightly adjustable. 
Embedded in the surface of the insulating disc was a brass strip which 
also spanned an angle of 60 degrees and merely served to provide, for 
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a very short time interval, a conducting path between the two brushes. 
What was aimed at was to cause one brush to come in contact with the 
metallic part of the disc just before the other brush left it. Besides 
giving a contact of short and adjustable duration, this construction 
also had the advantage of doing away with the slip ring on the fast 
moving disc. 

This arrangement behaved well for a while, but soon started to give 
trouble. At times the soft material of the brushes would form a metallic 
deposit at the edges of the conducting segment, resulting in a contact 
of long and uncertain duration; at other times accumulated particles 
of hard rubber would result in a contact of very high resistance and 
sometimes even in an open circuit. 

To overcome these difficulties, the arrangement shown in Fig. 8 
was tried. A brass ring was fastened on the periphery of the hard 





Fic. 8. Brush and slot construction. 


rubber disc and slotted in three places as shown. The two smaller 
segments were connected to two slip rings. A single metal brush, of 
a thickness very slightly larger than the size of the gaps, served to 
complete the circuit for a very brief interval of time. This construc- 
tion, too, had to be abandoned. The brush showed a tendency to sink 
in the gap with the result that softer metal would soon wear away 
to such an extent that the scheme was not operative at all. 

The final design as incorporated in the present instrument is illus- 
trated in Fig. 9. The conducting pin consists of a strip of phosphor 
bronze about .02 inch thick. This is radially embedded in the disc 
and extends for about 1/8 inch above its periphery. The brush is 
made of a piece of steel clock spring .01 inch thick and 1/4 inch wide 
and is shaped to a point as shown. The brush is securely but adjust- 
ably clamped in a brass block which in turn may be adjusted for vari- 
ous angular positions. There is considerable clearance between the 
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brush and the revolving disc, but the projecting conductor cannot 
pass the brush without coming in contact with it. When the disc is 
moving slowly the projecting conductor makes a wiping contact with 
the brush, which is flexible. When, however, the disc moves fast, as 
in actual work, the brush receives a sharp blow once during each rev- 
olution. This at once sets the brush in vibration and as the period 
of the brush is very short, it will move away from the projecting con- 
ductor which cannot follow it, due to its restricted speed. The brush 
is highly damped, so that by the time the disc has completed one 
revolution and the conductor is again in position to strike the brush, 
the latter is in its original position and at rest. 
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Fic. 9. Final design of contact maker. 


That the brush actually rises to allow the projecting conductor to 
pass may be easily observed by a simple stroboscopic arrangement. 
Viewed in this manner, the brush is seen to rise gradually as soon as 
it is hit by the conductor and to continue rising until after the conduc- 
tor has passed. The clearance between the conductor and the brush 
amounts at times to as much as two millimeters. When the project- 
ing conductor is well out of the way the brush dips and then again 
rises and after executing a number of such oscillations’ with gradually 
diminishing amplitude, the brush finally comes to rest and this occurs 
long before the disc has had time to complete one revolution. 

With this arrangement the duration of contact evidently depends 
upon two things: (1) upon the relative speed of the brush and the 
disc and (2) upon the distance which the brush must rise before it 
clears the projection. Both of these may be easily and conveniently 
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controlled by either moving the brush in and out its holder, or by 
changing the angular position of the brush. The first of these adjust- 
ments not only changes the distance which the brush must rise, but 
it also changes the period of the brush by changing its effective length. 
The angular adjustment changes the effective force of the impact and 
thus controls the initial speed of the brush. 

Although no direct measurements of the actual duration of the con- 
tact have been made, it is conservatively estimated, from stroboscopic 
observations and from certain other considerations, to be of the order 
of .00001 second. On a 1000 cycle wave, this corresponds to 3.6 degrees. 
Were the contact of much longer duration, it would be impossible to 
obtain such curves as those reproduced in Fig. 15 (see Appendix). Here 
the frequency of curve 2 was 2500 cycles per second while the harmonic 
of curve 3, so prominently brought out in the first half cycle, has a 
frequency in excess of 10,000 cycles per second. 


COMPARISON WITH OSCILLOGRAPH 


The Rosa curve tracer has certain advantages over both the mov- 
ing coil and the cathode ray oscillographs, the most important of which 
are greater sensitivity, remarkable accuracy and extreme simplicity. 

The electromagnetic oscillograph of the Duddell type is essentially 
a single turn D’Arsonval type galvanometer and as such has inherently 
a low current sensitivity. The cathode ray oscillograph on the other 
hand, has an exceedingly low voltage sensitivity. The Rosa curve 
tracer excels both in that it can be used in practically any circuit 
where a voltage of .1 volt or even less is available. The circuit may be 
of either low or high impedance. 

Closely connected with the question of sensitivity is also the ques- 
tion of accuracy. All commercial oscillographs produce an image or 
record on a small scale, the thickness of the trace often amounting to 
several percent of the maximum amplitude. As a result, important 
details are often completely lost. The records of the Rosa curve 
tracer, on the other hand, are given on a large scale and with a very 
thin trace, as may be seen by looking at some of the curves which are 
reproduced in the Appendix at one-third of their original scale. 

The accuracy of moving coil and also of the less common moving 
iron oscillographs is further limited by the fact that the moving ele- 
ment must possess a definite period of its own. As is the case with all 
forced vibrations, distortions are introduced, and these distortions are 
the greater the larger the ratio of the frequency of the phenomenon 
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under investigation to the natural frequency of the moving element. 
As a result, the harmonics are not reproduced in their true relation to 
the fundamental and to each other. 

Being very sensitive and accurate, the Rosa curve tracer is at the 
same time a very simple and robust piece of apparatus. There are no 
delicate adjustments whatever, and its operation does not call for 
any special skill. It can be operated by anyone after a few minutes 
instruction. 


APPLICATIONS 


The Rosa curve tracer may be used with advantage for practically 
all purposes for which oscillographs are employed, except when the phe- 
nomenon under investigation is not periodic and cannot be made to 
repeat itself by some simple laboratory means. For the recording of 
wave shapes of alternators and transmission {nes for the purpose of 
harmonic analysis the curve tracer has no equal. I+ may also be used 


for accurate measurements of phase angle and pov r, for measur- 
ing peak voltages and for checking electrical me instruments. 
In addition, it may also be used in the study « ion in internal 
combustion engines, in the study of vacuum idio frequency 
amplifiers, rectifiers, and filter circuits and, jn, ¢ » ’es of acoustical 
investigation. But its greatest usefulness ui _stionably lies in the 


field of instruction. Such terms as wave frm, phase angle, power 
factor, oscillatory discharge, decrement, et-.; do not mean much to 
the average student unless he can visually study these concepts from 
a series of curves which he himself has obtained from circuits over 
which he has complete control. 

APPENDIX 

The utility of the instrument as a fool for research and instruction 
can best be demonstrated by actual curves several of which are 
shown below. These curves are reproduced here at 1/3 their actual 
size. 

Fig. 10 gives the wave shape of the small 1000 cycle inductor 
type alternator shown in insert. It will be observed that the wave 
is nearly sinusoidal, which is remarkable for an inexpensive generator 
of this type. This degree of perfection was arrived at only after plot- 
ting numerous curves and making successive adjustments in the mag- 
netic circuit of the alternator. The writer believes that the improvement 
would have been impossible without the Rosa curve tracer, which 
gives curves on a large scale and introduces no distortion. The usual 
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10. Wave form of 1000 cycle alternator. 


4s 


absolutely not suitable for accurate work at 
*. istortion which is introduced and to the 


type of oscilldf 
these frequencits;” 
small scale of the cur. 





















































— . — eapiecnninanepiaiae : 
PC awe 2 
| | 
| | 
EE Eee eee } | 4 + 
| 7 
of | 
4 | 
4 - | 
: a --+ = 
z 3. | 
, | 
| | 
tw + 4 +++ oe + a 
. ' 
i . * 7 4 
| : | 
— 7 _ : + + 
i 2 | ] | Time | ——=— 
. » . | 
— a © 4 si SS a es a a a | 
: Fas? | 
= : wry 
| | aa | 
NS ee ae ee 
| | | | 
| 
| } | i 
if Es | aims 7 | “ee 
| i | | 
| | | } | | 
| | | | | 
—EEE ——EEEE > — ie Soe | 











Fic. 11. Circuits containing resistance, inductance and capacity. 
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Fig. 11 was plotted to demonstrate the phase relations and wave 
shapes which may exist in a network consisting of several parallel 
circuits. Curve 1 gives the wave form of the applied voltage, curve 2 
represents the current through a non-inductive resistance. It will 
be observed that curves 1 and 2 are practically in time phase and 
that their shapes are nearly identical. Curve 3 is the current through 
an air core inductance. The harmonics present in the voltage wave 
are almost entirely lost and the current lags by nearly 90 degrees behind 
the voltage wave. Curve 4 is the current through a condenser. The 
original harmonics are greatly accentuated, and the current leads the 
voltage wave by nearly 90 degrees. 
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Fic. 12. Resonance effect. 


The curves of Fig. 12 were intended to demonstrate the principle 
of resonance, or what may happen in a transmission line having a 
natural period equal to that of a prominent harmonic present in the 
voltage wave. Curve 1 represents the voltage wave impressed upon 
a circuit which was tuned to give resonance to the third harmonic, 
while curve 2 is the current in the circuit. From an examination of the 


voltage wave one would not at all suspect the presence of a third har- 
monic of prominence. 


The curves in Fig. 13 vividly demonstrate the effect of electrostatic 
capacity in alternating current circuits. As above, curve 1 is the open 
circuit voltage, while curve 2 is the current through a condenser of 
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Fic. 13. Effect of capacity on wave shape. 


1 microfarad. Although other harmonics are present, it is the 21st 


that is so prominently brought out, due probably to the resonating 
effect of the condenser in connection with the inductance of the trans- 
former. A record of the same phenomenon taken with an ordinary 




























































































Fic. 14. Mercury arc rectifier. 
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oscillograph (3000 periods/sec.) shows practially no trace of this har- 
monic. 

The curves in Fig. 14 illustrate some of the characteristics of a 
small mercury rectifier. Curve 1 is the voltage applied to the rectifier, 
Curve 2 is the potential difference between one terminal of the supply 
and the rectifier neutral, while Curve 3 is the resulting direct (uni- 
directional) current. 

The curves of Fig. 15 represent the charging of a condenser in 
series with an inductance. Curve 1 is the voltage curve and was 
taken with the curve tracer connected to the condenser terminal 
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Fic. 15. Oscillatory charge of a condenser. 


through a potential divider, while curve 2 is the current flowing in 
the series tuned circuit. These curves clearly show the oscillatory 
character of the charge, the significance of the decrement, the fact 
that the voltage is always unidirectional while the current reverses, 
and the phase relation. The frequency was 450 cycles per second. 
The curves of Fig. 16 give some interesting characteristics of 
oscillations in coupled circuits. Curve 1 is the oscillatory current due 
to discharge of condenser through the primary winding of an induc- 
tion coil, with a spark gap of about 1 mm in the secondary. This is 
similar in many respects to quenched gap radio transmitter. The very 
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marked damping and the change of frequency are worthy of note. 
The spark presumably lasts only through the first oscillation, after 
which the voltage is too low to maintain the ionized condition of the 
air. We thus have two distinct conditions: while the spark lasts there 
is a low resistance circuit through the secondary which makes the in- 
ductance in the primary circuit low, which in turn causes the discharge 
to have a higher frequency than is the case in the latter part of the curve 
when the resistance of the gap is restored. To verify this explanation, 
curves 2 and 3 were plotted, the former with a resistance of 5 ohms 
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Fic. 16. Damped oscillations in coupled circuits. 


in place of the gap, while in the case of curve 3 the air gap was made 
so large that no spark took place. The period of the oscillations shown 
in curve 2 is the same as that of the first oscillation of curve 1, while 
the period of curve 3 is the same as that of the latter part of curve 1. 

Figs. 15 and 16 show how phenomena that are essentially transient 
may be investigated with the aid of the Rosa curve tracer. In this case 
an ordinary two part commutator, mounted on the shaft of the same 
motor that drives the curve tracer, caused the condenser to be charged 
and dicharged many times a second. 

DEVELOPMENT DEPARTMENT, 
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THE VIBRATIONS OF TUNING-FORKS'! 
By Eimer A. HarrIncTon 


ABSTRACT 


The energy dissipated by frictional forces in a tuning-fork was studied by means of two 
electrically-driven tuning-forks: (1) an ordinary fork, (2) a fork made by clamping two steel 
bars with a rectangular block between them, in a vise so that very little energy was expended 
in moving the stand upon which the fork was mounted. The following properties were in- 
vestigated: (1) the equivalent length of a rigid straight bar turning through the same angle 
as the tangent at the end of the prongs; (2) the relation between the current driving a fork and 
the deflections of the prongs produced, both for steady and resonant deflections; (3) the 
logarithmic decrement, and the effect on the logarithmic decrement of damping due to vanes 
at the ends of the prongs; (4) the energy due to emission of sound. It was found that: (1) a 
straight bar about 73% of the whole length of the prong was approximately equal to the 
equivalent length; (2) the deflections of the prongs were proportional to the square of the 
current; (3) the change in the logarithmic decrement was roughly proportional to the area of 
the vanes; (4) about 3.5% of the total energy was converted into sound. 


In these investigations two electrically-driven tuning-forks were used. 
The first was an ordinary tuning-fork mounted in the usual manner 
(i.e., with the axis horizontal and the plane passing through the two 


prongs vertical) on a heavy wooden block placed on a thick rubber mat 
and the whole clamped to a table. A mercury interrupter was used in 
connection with this fork, and the electromagnet was placed near the 
middle of the prongs. The second fork was made by clamping in a vise 
two rectangular steel bars with a rectangular block of steel between 
them. The block had the same width as the prongs, and it was held 
with one of its ends even with one edge of the jaws of the vise. The 
prongs were thus straight, and their length could be measured with a 
fair degree of accuracy. Another important property of this fork was 
that the electromagnet was placed at the ends of the prongs. The 
prongs therefore bent the whole length, since the pull was exerted at the 
ends. This arrangement eliminated the necessity of making allowance 
for the position of the magnet and the corresponding value of Young’s 
modulus. Furthermore, the use of a platinum interrupter on this fork 
dispensed with the delay both at make and at break of contact which is 
characteristic of the mercury interrupter. 


1 These experiments were performed under the direction of the late Professor A. G. Webster 
before the introduction of the electron-tube drive. 
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The dimensions of the forks are given in Table 1. 


TABLE 1. Dimensions of electrically-driven tuning-forks. 








Symbol Fork No. 1 


Length of prong 28.0 cm 
Length of prong to magnet 19.0 
Average width of prong b 1.98 
Average height of prong 1.16 
Distance between prongs 2.82 
Length of core of magnet 2.40 
Diameter of core of magnet 1.13 
Length of air-gap 

Area of air-gap 

Area of core of magnet 

Area of cross-section of fork 
Permeability of air-gap 
Permeability of core of magnet 
Permeability of fork | 
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Number of turns about core of magnet 


Frequency of fork 144 











The advantages of the second tuning-fork over the first were many. 


In addition to those already mentioned, the construction of the fork 
made it possible to move the prongs back and forth until they had the 
same period of vibration, and their natural period of vibration was equal 
to that of the force impressed by the electromagnet. The accuracy of 
this adjustment was indicated by the slowness of the beats produced at 
the beginning of the motion when the fork started from rest. Under 
these conditions the vibrations of the fork were a maximum and were 
subject to minimum damping. There was then very little energy used 
up in moving the vise which held the fork or the stand upon which the 
fork was mounted. This was extremely important, as there seems to be 
no way of determining just how much energy is dissipated in that man- 
ner in a common tuning-fork. One of the prongs of this fork was about 
half a centimeter longer than the other because the two were not of 
exactly the same cross section. 


EQUIVALENT LENGTH OF A RIGID STRAIGHT BAR 


The length of a rigid straight bar, clamped at one end and free at the 
other, turning through the same angle as the tangent at the end of the 
fork and having the same amplitude as the end of the fork, may be 
calculated.? The solution of the general equation for the case in which a 


2 Lord Rayleigh, Theory of Sound, Sect. 163, and Sects. 170-174. 
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rod is clamped at X =0 and free at X =/ (where / is the length of the 
prongs of the tuning-fork) is given by Rayleigh as: 


mx mx 
u= (sin m+sinh m)( cos 23 cosh “*) 


— (cos m+cosh m)( sin = —sinh m:) 


where m, an abstract number, is the root of: 

cos m cosh m+1=0, 
since @u/dx* =0. 
Hence, 


mx mx 
du/ ds—m/it —(sin m+sinh m( sin = tem “*) 


mx mx \ 
— (cos m+cosh m){ cos 7 cosh =*)} 


Thus, upon integrating, 
1 = (sin m+sinh m)(cos m—cosh m) 


— (cos m+ cosh m)(sin m—sinh m), 


U z_1= 2(cos m sinh m—sin m cosh m). 
Therefore, 
l/m(du/dx) = — (sin m+sinh m)*— (cos? m—cosh? m) 
= —2sin m sinh m, 
Dividing (5) by (6) we have 
cos m sinh m—sin m cosh m 


du 
u/l— = —1/m - - = —1/m(ctn m—ctnh m) ; (7) 
dx sin m sinh m 





but u/(du/dx) =1’, where /’ is the length of the rigid straight bar, so that 
1 
l’/l=—(ctnh m—ctn m). 
m 


The value of m, which satisfies (2), is: 


m= 24/2+a,=1.5707963+0. 3043077 = 1.8751040, 
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where the value of a may be obtained by trial and error from the 
equation: 


logio ctn 4a, —0.6821882 —0.43429448a,=0, 
and will be found to be a, = 0.3043077. 
e™=6.5213, e~"=0.1533, 
e"+e—" + 6.6746 
e"—e-™ 6.3680 
ctn m= —0.3140. 





cnth m= = 1.0481, 


Hence 


1.0481+0. 3140 
t pi 





V'/l=1/m(ctnh m—ctn m) = 0.73, 
or the length of a rigid straight bar equivalent to the tuning-fork is 
73% of its length. 

Experimentally this ratio was found by the following method. A 
micrometer screw was placed in position at C (Fig. 1) and a beam of 
light reflected from a thin mirror, attached to the end of the prong B, 
on to a ground-glass plate EF, where the deflections D were measured 
by a cathetometer. The ratio of EF to BC (i.e. D/d) was determined 
from these two sets of readings, which were carried on simultaneously, 
thus having the same current, etc. This was done for both tuning- 
forks. 


Fic. 1. Equivalent length of straight rigid bar. 


In the figure, tan 20 = EF/CE and tan @= BC/AB; and since @ in this 
case is very small, EF/CE=2BC/AB. When the assumed values 
of EF and BC, and the observed value of CE (213.3 cm), are substituted 
in this equation, it is found that AB (the length of an equivalent rigid 
straight bar) = 19.84 cm. If the vibrating length of the prong of the 
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TABLE 2. Equivalent length of tuning-fork No. 1. 








On cathetometer (cm) On micrometer screw (cm) 





Fork Fork Fork Fork 


at rest vibrating D at rest vibrating 








om i fi 5.66 0.132 0.392 0.260 

9.22 | , 5.32 | 0.133 0.383 0.250 

9.16 | ; 5.22 | 0.130 | 0.372 0.242 

9.22 | 5.02 | 0.132 | 0.368 0.236 

9.26 | 4.02 | 0.131 0.318 0.187 
| 








9.23 3.84 








0.133 0.309 0.176 





Average D/d=21.5=EF/BC (Fig.1), andif BC=1cm, EF =21.5cm. 


fork is 28.0 cm, then 19.84/28.0=0.71. Hence, a straight bar 71% of 
the whole length of the prong equals the equivalent length, agreeing 
well with the theoretical value. 

The equivalent length of the prongs of tuning-fork No. 2 was found in 
a similar way to be 72% of the length of the fork. This value is essen- 
tially identical with the value derived from purely theoretical considera- 
tions; and it is a more reliable result than that obtained from fork No. 1, 
since the length of the prongs of the second fork could be measured 
accurately. The ratio D/d in this case was 18.2. 


RELATION BETWEEN CURRENT AND DEFLECTION 


The next problem was to find the pull of the magnet and, by this 
means, to calculate the relation between the current through the coils 
of the magnet and the deflection of the prong produced. 

The inductive flux @, which is defined as the ratio of the magneto- 
motive force to the reluctance R, may be written 


4nnyl . 
o=—— = BoSn (8) 


where 7 is the current, m, the number of turns about the core of the 
magnet, So the area of the core of the magnet, By the flux density, and 
R=2(I/uS) is the reluctance for a tube of force partly in iron and partly 
in air, given by the formula for the resistance of conductors in series.* 
In the expression for R, yw is the permeability, / the length, and S the 
area of the section considered. The reluctance may be calculated for a 
complete circuit consisting of the core of the magnet, the airgap, and 


3 A. G. Webster, Electricity and Magnetism, Sect. 231. 
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the fork from one end of the magnet through the junction of the prongs 
to the other end of the magnet. Thus we have 


le lo 21, 
al 2H eae (9) 
MoS2 HoSo MS 


and upon substituting the values in Table 1 for fork No. 1 we find 
2.40 0.42 2x19 


~ 437X1.003 11.003 6022.30 
=0.0055+0.4187+0.0274=0.4516. 





The pull of the magnet is given by the equation‘ 
B*So (1) 2xn,7]? 


P = —— = ——_ = ——_— (10) 
Sar 82rSo RS, 

But the pull necessary to produce a deflection d in the free end of a 

clamped-free bar of length /, width 6, and height or thickness / in the 


plane of bending is given by the formula 


dbh®E, 
F= 


(11) 


where E, is Young’s modulus. Hence 
d 4FP = 8xn,*F 


—= - (12) 
I? Epil? RS,E:b#* 





In order to calculate d/J? it is therefore necessary to find the value 
of E, for this fork. This may be conveniently done by substituting the 
proper values from Table 1 in the formula® for the frequency of vibra- 
tion m of a clamped-free bar of length / 

kybym? (13) 

n= ] 
2xF 

where k; is the radius of gyration of the section about an axis perpen- 
dicular to the plane of bending (&,?=/*/12 for a clamped-free bar), 
b; =(E;/p)"? or the velocity of transmission of longitudinal waves in 
the bar, and m is a constant, the value of which was found to be 1.8751. 
Thus if p is the density, 


* Ewing, Magnetic Induction in Iron, 3rd ed., p. 259. 
* Rayleigh, Ibid., Sect. 171. 





Etmer A. Harrincton’-[J.0.S.A. & R.S.I., 17 


patente , 
k,*m‘ 
and on substituting in this equation the values given above 
4n* X 128? X 284X 7.812 
” 1.16®X 1.875¢ 





: = 2.2375-10"* dynes/cm*. 

In the calculation of d/J* for fork No. 1 for steady deflections, a factor 
must be introduced into the formula to account for the change in de- 
flections due to the fact that the magnet was not at the free ends of the 
prongs. It is evident in the case of a steady deflection that the prongs 
bend from their junction to the magnet, but that they are straight from 
the magnet to the free ends. This is shown diagrammatically in Fig. 2, 
where the prong AB is given a steady deflection dy by applying a con- 
tinuous force F at G, the position of the magnet. The deflection d at a 
point opposite the magnet, as given by equation (11), is 


where /, (19 cm) is the length of the prong which bends under these 
conditions, the rest of the prong (/—/,=9 cm) being straight. Then the 


c 





Fic. 2. Effect of position of magnet on steady deflections. 


length of a rigid straight bar clamped at one end and free at the other, 
turning through the same angle as the tangent at H and having the 
same deflection BC as the end of the prong is 


= BK=0.70=l—hth, 


where /, =GK = 10.88 cm (by calculation). 
Hence, 


0.71 19.88 
—=——__ = ____= 1.828, 
dl 
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and 


13 
d=1.828 , 
E,bk 


1 
On substituting these values in equation (12) we have finally 
do 8x X 166? 19° 
—=1.828 


I? ~ 2.2375- 1021.98 1.16*X0.45162X 1.003 
=0.006 cm/cgs unit?. 





In order to observe the deflection d, due to a steady current J through 
the magnet, a glass fiber was attached to the end of the prong, and the 
deflection read off directly by means of a microscope. Using this method 
the following results were obtained: 


TABLE 3. Relation between steady deflection and current (Fork No. 1). 








do (cm) I (amp) P (amp) do/I* (cm/amp*) 





0.0017 , 16.81 0.00010 
0.0024 . 29.16 0.00008 
0.0036 ‘ 43.56 
0.0047 , 56.25 
0.0063 ; 81.00 
0.0091 10. 110.25 
0.0136 | 12.5 156.25 
0.0173 14.0 196.00 
0.0193 14.8 219.16 














Average do/I?=0.00008 cm/amp* = 0.008 cm/cgs unit?. 


A check upon this value of do/J? for fork No. 1 was obtained by the use 
of a cathetometer arranged as in former experiments. The distance from 
the mirror to the cathetometer was 281.5 cm. In this way the obser- 
vations given in table 4 were made. 

The equivalent length of a rigid straight bar was found to be 19.84 cm. 
The ratio of the deflections Do, measured in the cathetometer, to the 
actual deflections dy was 28.4, since Do/dy= 2X 281.5/19.84 = 28.4. 
Hence 


d 
-s =0.24/28.4 cm/cgs unit? =0.008 cm/cgs unit? 


Thus the value of d,/J? obtained by actual experiment is nearly identical 
with that computed from the assumptions as to the magnet. 
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TABLE 4. Relation between steady deflection and current (Fork No. 2). 








Dz (cm) 7 (amp) P (amp"*) Do/T* (cm/amp’) 





0.36 11.8 139.2 0.0026 
0.33 11.5 132.3 0.0025 
0.30 11.3 127.7 0.0023 
0.30 11.0 121.0 0.0025 
0.28 10.5 110.3 0.0025 
0.24 10.0 100.0 0.0024 
0.20 9.2 84.6 0.0024 
0.19 9.0 81.0 0.0024 
0.15 65.6 0.0023 
0.14 62.4 0.0022 
0.11 49.0 0.0023 
0.10 : | 44.9 0.0022 
0.08 ; 33.6 0.0024 














0.07 28.1 0.0025 
0.04 16.0 0.0025 








Average Do/I?=0.0024 cm/amp* = 0.24 cm/cgs unit?. 


These results show that the steady deflection dy varies approximately 
as the square of the current through the electromagnet coil. 

Then the micrometer screw was placed above the end of one prong 
of fork No. 1, and the deflections d, of the fork, which was kept vibrating 
by the use of the interrupter, or the resonant deflections, were observed. 
Table 5 shows the results of these observations. 


TABLE 5. Relation between resonant deflection and current (Fork No. 1). 








d; (cm) I (amp) | P(amp) |  4,/P (cm/amp’) 





0.124 , 1.44 0.086 
0.161 , 2.25 0.071 
0.181 ‘ 2.56 0.071 
0.214 ‘ 2.89 0.074 
0.245 . 3.24 0.074 
0.290 ‘ 3.61 0.080 














Average d,/I?=0.075 cm/amp?=7.5 cm/cgs unit.” 


The resonance, by definition, is equal to the resonant deflection 
divided by the steady deflection, or u’=d/dy. Substituting in this 
equation, the values of dy and d, found by experiment, the resonance is 
found to be yu’ =0.075/0.00008 = 937, which is approximately one-half 
the resonance obtained by computation (see Table 7). This is not a 
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discrepancy, however, as the ammeter readings, in the case of d,, give 
approximately half the current. In order to calculate the total current, 
the delay at make and break in the mercury cup would have to be 
known. 


do 8x X 200? X 33. 5° 
I? 1.879-10' 1.931. 15*X0.4973?X 2.341 





=0.012 cm/cgs units’, 


which is practically the same as the observed value. 


LOGARITHMIC DECREMENT 


The logarithmic decrement of tuning-fork No. 1, and the effect on the 
logarithmic decrement of damping due to square vanes of various sizes 
at the end of one of the prongs, were investigated. A chronograph was 
used to record the time of coming to rest, six millimeter-divisions being 
passed over in the cathetometer in each case. Nine sets of observations 
were taken with each vane in position. The average times of falling 
off for the different vanes of area S square centimeters are given in 
Table 6. 


TABLE 6. Effect of damping vanes. 


S=0 S=4 








S=9 =| 





| 
mm divs. Time |(secs.) 








| 
| 
| 
| 
| 





The steady deflection dy of the prong of tuning-fork No. 2 due to a con- 
tinuous current through the electromagnet was also observed by means 
of the cathetometer, arranged as in the preceding experiments at a 
distance of 219.5 cm from the mirror attached to the end of the prong. 
By this method the average value of D,/J? was found to be 0.0025 
cm/amp? or 0.25cm/cgsunit®. But Do/do= 18.2 for fork No.2 under these 
conditions. Hence, do/J? =0.25/18.2 cm/cgs units? = 0.014 cm/cgs units? 

To compare this result with the theoretical, equation (12) must be 
employed. This equation is 
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d 8xn,"P 
PRS EbR 
where R is the reluctance of the complete circuit, as explained in con- 
nection with equation (9). Using the proper values for fork No. 2 
2.96 1.04 2X 33.5 
~437x2. 341 1X2.341 * 602X2.220 
=0.4443+0.0029+0.0501 =0.4973 





Substituting in equation (14) the observed values for fork No. 2 we 
have for Young’s modulus for this fork 
4a X 144? 33.54 7.812 


E,= = 1.879-10"? dynes/cm? 
1.15*X1.875* 





The relation between the steady deflection and the impressed force 
then becomes 


dy 8x X 200 X 33.5° 


P 1.879 - 10" x 1.93 X 1.15* X 0.4973 X 2.341 __ 
= 0.012 cm/c.g. s. units’, 





which is practically the same as the observed value. 

In Fig. 3 the millimeter divisions Y over which the filament of 
light passes as the fork dies away are plotted as ordinates and the corre- 
sponding values of the time are plotted as abscissas. 





. 
TIME 
Fic. 3. Effect of vanes on duration of vibrations. 


From the equation of motion, y= Ae~* sin mat, it will be seen that 


yi=e~* and ye=e—*':, from which 
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xu: yi/ Ye 


ramen (15) 


where the coefficient of damping k= 2mK. 
From the theory of resonators® we see that the resonant amplitude 
is given by the expression 


F 
d, = 
{ (f{—mn?*)+ k?n?} 1/2 
where f=stiffness = force/displacement, »=frequency X27, m=mass, 


and F = magnitude of the impressed force. Putting Fo/f=do, where dy 
is the steady deflection for a constant force Fo, the resonance is 


bs 1 
>= 

do {(1—mn*/f)*+(kn/f?}"/? 
where the resonance p»’ =resonant deflection/steady deflection. If we 
put n*=f/m, we obtain the expression for maximum resonance 





(16) 





(17) 


(18) 


Substituting the different values of the time / and the corresponding 
values of Y from Table 6 in equation (15), we obtain the values of the 
decrement K given in Table 7. Using these values of K in equation (18), 
we obtain the maximum resonance, corresponding to the damping coef- 
ficients, given by the different vanes. 


TABLE 7. Logarithmic decrement and maximum resonance. 








Area of vane Decrement Resonance 





S (cm?) K pn’ 





0.265 
0.330 1220 
0.380 
0.455 885 
0.615 650 











S=abscissas 
K =ordinates 


In Fig. 4 we have: A 


S=abscissas 
»’ =ordinates 


* A. G. Webster, Unpublished Lectures on Sound. 
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The increase in the coefficient of damping is due partly to the visco- 
sity of the air which is set in motion by having the vane vibrate through 
it, and partly to an increase of the energy radiated as soumd, but it is 


due chiefly to the energy expended in creating vortices in the air near 
the vane. 











Fic. 4. Effect of vanes on decrement and resonance. 


ENERGY CONVERTED INTO SOUND 


A fork of known dimensions, vibrating with a known amplitude, may 
be regarded as a store of energy of which the amount may readily be 
calculated. This energy is gradually consumed by internal friction and 
by generation of sound. When a resonator is employed the latter ele- 
ment is more important, and in some cases we may regard the dying 
down of the amplitude as sufficiently accounted for by the emission of 
sound. Adopting this view for the present, we may deduce the rate of 
emission of sound energy from the observed amplitude of the fork at 
the moment in question and from the rate at which the amplitude de- 
creases. Thus if the law of decrease is e~*' for the amplitude of the work, 
or e~** for the energy, and if E is the total energy at time #, the rate at 
which energy is emitted at that time is —dE/dt,or KE. The value of K 
is deducible from observations of the rate of decay, that is, of the time 
during which the amplitude is halved. K may be regarded as made up 
of two parts, one K, representing the dissipation which occurs in the 
absence of the resonator, the other K, due to the resonator. It is the 
latter part only which is effective toward the production of sound, for 
when the resonator is out of use the fork is practically silent. When 





Sept., 1928] THE VIBRATION OF TUNING ForKS 237 


the resonator is used the sound issues almost entirely from the resona- 
tor because a much larger volume of air than the unaided prongs 
could effect is set into sympathetic vibration. The energy necessary 
for this is taken from the fork, which therefore comes to rest sooner 
than if free. 

The values of K, and K are conveniently derived from the times ¢, and 
t respectively, during which the amplitude falls to one half. Thus 


2 log. 2 
<<, (19) 


so that 


1 1 1 1 
K2=2 log. 2(—-—) =1.386(—-—) (21) 
t ty t ty 


and the energy converted into sound per second is K2E. 

In the experimental determination of the energy emitted as sound 
the same apparatus (tuning-fork No. 1, etc.) was used as in the pre- 
ceding experiments. The resonator, when in use, was situated in the 
position of maximum effect, with its mouth above the free ends of the 
vibrating prongs. With these arrangements there was no difficulty in 
converting energy into sound on a small scale. 

The resonator was assumed to act as a simple source. Its pitch m was 
calculated by means of the formula’ 


3r 1/2 
n=V Ea (22) 
82° R° 


where V = velocity of sound in air, ry = radius of opening, and R= radius 
of spherical resonator. In the resonator used in the following experi- 
ments r=2 cm, R=11.8 cm; while V = 33300 cm/sec. 

Hence, 


6 1/2 
n= 33300] | =127.7 or 128, 
8x* X 11.8* 


which is the pitch of the fork. 


7 Helmholtz, Tonempfindungen, 6th ed., p. 601. 
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The course of an experiment was as follows: The rates of dying 
down were observed, with and without the resonator, the time being 
recorded on the chronograph. The fork was kept in vibration by the 
electromagnet until the desired instant, and the time required for the 
double amplitude to fall to half its original value was determined. 
The results are recorded in Table 8. These times of halving were, as 
far as could be observed, independent of the initial amplitudes. 


Taste 8 Effect of resonator. 








t No. 


| 
<i; 
| 
E 





9 
10 
11 
Av. 

















The rate of emission of sound engery was calculated from these 
experiments. The first step in the calculation was the expression of 
the total energy of the fork as a function of the amplitude of vibration, 
measured at the extremity of one of its prongs. If / is the length, p the 
density, and S, the sectional area of a bar clamped at one end and 
free at the other, the kinetic energy 7; is connected with the dis- 
placement y at the free end by the equation 


T ~ots{ =), (23 
=—plS,{ — ) 
ae 


At the moment of passage through the. position of equilibrium y=0 
and dy/dt has its maximum value, the whole energy being then kin- 


etic. The maximum value of dy/dt is connected with the maximum 
value of y by the equation 


(2) 2xn(y) (24) 
a1) 27M me 


where m is the frequency. If we denote the double amplitdue by 2y, 


the energy of the vibrating bar is }+*m*pS,/(2y)*, or for the two bars 
composing the fork the total energy is 


E=}r'n%pSil(2y)? (25) 
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The application of this equation to fork No. 1 is as follows: /=28 cm, 
S, = (1.98 X 1.16) cm?, p=7.8, n=128, 2y=0.490 cm; and thus 


2 


6 
RIAA T.BX1-X1.IGKIKO. A 4. 87-1M ergs 


which is the total energy of the fork when the double amplitude at 
the ends of the prongs is 0.490 cm. 

We may now apply equation (21) to fork No. 1, for which t= 3.3 secs. 
and 4; =3.6 secs. Thus #,, the time which would be occupied in halving 
the amplitude were the dissipation due entirely to the resonator, is 
40 seconds; and 


1 1 
K:=1.386 (—-=) =1.386X0.025=0.035 
3.3 3.6 


Accordingly, the energy converted into sound is K2E = 4.87 - 10° x3.5- 
10-*=1.70-10° ergs per second, corresponding to a double amplitude 
of 0.490 cm. Thus we see that only an extremely small fraction—3.5% 
in this case—of the energy of the fork is converted into sound. The 
remainder is expended in overcoming the internal friction of its own 
particles, and in giving a little motion to the table. 


BUREAU OF STANDARDS, 
Wasuincton, D. C. 





AN APPARATUS FOR THE MEASUREMENT OF 
RADIATION INTENSITY OVER A WIDE 
RANGE OF WAVE LENGTHS 
(0.02-3 ANGSTROM) 


By Orro GLASSER AND V. B. Serrz 


ABSTRACT 


An apparatus for measuring radiation intensity over a wide range of wave lengths is de- 
scribed. This apparatus consists of two parts: (1) a condenser unit to which an ionization 
chamber is attached, and (2) an improved type of string electrometer, including a static 
charger. The condenser unit, with the electrometer attached, can be charged to a known 
potential, after which it is removed and placed with its ionization chamber in the field of 
radiation which is to be measured. After the chamber has been exposed for a specified length 
of time, the condenser unit with the attached ionizati chamber is again connected with the 
electrometer and the loss of charge is directly read * scale. This loss of charge can be 
converted into r units if the material from which the zation chamber is constructed and 
the size of the chamber are properly selected, and if t! . .ectrical factors of the instrument 
are known. Radiation intensities for the range of wave ‘hs from 0.02 to 3A measured with 
this instrument are given. 


The most suitable method of measuring radiation intensities within 
the range of x-rays and the gamma rays of radium is based upon the 
ionization of air. The following unit of radiation intensity has been 
established recently on the basis of the production of this effect: The 
unit of “effective x-ray intensity,” one “r,” is that intensity of radiation 
which produces a saturated ionization current of one electrostatic 
unit per cubic centimeter of a nonrestricted volume of air at a tem- 
perature of 0°C and a pressure of 760 mm Hg.' In order to measure 
radiation intensity in terms of this unit, one must use a large open 
air-ionization chamber, a so-called absolute standard, which fulfills 
certain requirements.! This standard apparatus necessarily involves 
a rather elaborate set-up and is not suitable for certain types of inten- 
sity measurements which are encountered in practical work. For this 
reason a modification has been effected by the attachment of small 
chambers to a specially constructed electrical capacity. Arrange- 
ments of a somewhat similar nature have been described by Sievert? 
and Clark.’ 


1 E. C. Ernst, Otto Glasser, Radiology, 10, p. 318; 1928. 
* R. M. Sievert, Acta Radiologica, 5, p. 468; 1926. 
+H. Clark, Am. J. Roentg. a. Rad. Ther., 17, p. 667; 1927. 
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The apparatus for radiation intensity measurement consists of two 
parts (see schematic diagram, Fig. 1): (1) a condenser, to which an 
ionization chamber is attached, and (2) an improved type of string 
electrometer including a static charger. The procedure for the use of 
the apparatus is as follows: The condenser unit is electrically con- 
nected with the electrometer unit and the whole system charged to 
a known potential which is indicated on the electrometer scale. The 
condenser unit is then removed and placed with its ionization chamber 
in the field of radiation which is to be measured. After the chamber 
has been exposed for a specified length of time, the condenser unit is 


again returned to the electrometer and the loss of charge is directly 
read on the scale. 


i 
- CONDENSER 
‘fe UNI! 


4a * @) ee 
ay ELECTROMETER- 
“8 AND 
CHARGER — 
e 


a 
Y 


Fic. 1. Schematic diagram of measuring apparatus. 


The condenser unit (1) (Figs. 2 and 3) consists of a chargeable plate, 
A, which is entirely surrounded by a solid dielectric (amber). Two 
connections are made with this plate, one connection, B, leading to the 
inner electrode of the ionization chamber, and’ the other, C, leading to 
the contact by which the capacity is connected to the electrometer. 
Both of these leads are at all points surrounded by the dielectric ceresin. 
In order to obtain protection at the contact where the electrical con- 
nection is made between the condenser and the electrometer unit, a 
mechanically operated cover of dielectric is incorporated in the form of 
a switch, D. In this way any discharge other than that which is pro- 
duced in the ionization chamber is eliminated and lead protection can 
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be dispensed with. The outer casing of the condenser unit, £, is at 
ground potential and is connected with the wall of the ionization cham- 
ber. The lead to the electrode of the ionization chamber terminates in a 
small metal chuck, F, which is surrounded by an amber bushing. The 
outer part of this bushing carries the ionization chamber wall. By 
applying an amber-lined metal cap, G, in place of the ionization cham- 
ber, one can enclose the complete charged part of the condenser unit by 
solid dielectric and thus make it possible to observe any effect of un- 
desired radiation on the unit. 

The ionization current produced in the small chamber used must be 
proportional to that produced in the “absolute standard” over the com- 


Fic. 2. Photograph of measuring apparatus. 


plete range of wave lengths. In order to attain this result, it is necessary 
to select a wall material which has an effective atomic number equiva- 
lent to that of atmospheric air.‘ For different measuring purposes in 
practical work chambers in sizes from 1/50 cc, H, to 2 cc, J, have been 
used with consistent results. For usual purposes, however, a 1/2 cc 
chamber has been found to be satisfactory over practically the whole 
range of wave lengths. For measurements of radiation produced by the 
commercial types of x-ray tubes, these chambers are made with wall 


4H. Fricke and Otto Glasser, Proc. Nat. Acad. Sci., 10, p. 441: 1924. 
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Fic. 3. Diagram of the details of the construction of the measuring apparatus. 
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thicknesses of 1/2 mm and are constructed of graphite with an inner 
aluminum electrode proportioned so as to obtain the air value in the 
chamber. In some cases where measurements were made with ex- 
tremely soft x-radiation of about 2A, chambers constructed of 0.02 mm 
goldbeater’s skin coated with graphite were employed. 

The electrometer (2) (Figs. 2, 3, and 4) is of the string type with a 
6.5 X57 mm adjustable attracting plate, J, which can be brought within 
1.5 mm of the string. The plate is normally at ground potential, while 
the string, K, and its support, L, are operated at the potential of the 
condenser system. The string is of platinum wire, 77 mm long and 
0.013 mm in diameter. It is fastened at the upper end to a metal clip, 
M, which in turn is fixed to a tubular supporting frame, ZL. The lower 
end of the string is cemented to a quartz loop’, NV, which can be displaced 
in a vertical direction to alter the controlling force on the string. This 
loop is 9 mm in diameter and is made of fused quartz, 0.03 mm in 
thickness. When the string is under tension, the loop takes an elliptical 
form. String tension adjustments are made by means of a micrometer 
screw, O, on top of the instrument which is graduated in arbitrary units. 
The string and mounting are in turn fixed to a cross slide, P, which 
allows movement of the string across the optical axis of the instrument. 
A differential screw, Q, used for this adjustment is not graduated, as the 
setting of the string is made by observing its image on the screen. The 
string shadow is projected on a uniformly divided ground glass scale, 
R, (Fig. 4) which is 44 mm long. Sufficient light is obtained on the 
scale to allow readings tg be made in a well-lighted room from a 6-8 
volt, 3 cp concentrated gas-filled lamp, S, mounted in a universally 
adjustable ball and socket receptacle. Two condenser lenses, 7, are used 
to illuminate the field in the plane of the string. An objective, U, 
mounted on the focusing slide, brings the image to focus at 70 cm dis- 
tance. The objective has a focal length of 14 mm and the working dis- 
tance issomewhat greater. The object of using a long focal-length lens 
with a correspondingly greater scale distance is to prevent the string 
from being attracted to the lens mount which is at ground potential. A 
small deflection of the string in the direction of the lens has little effect 
on the sharpness of the image where the working distance is large. In 
order to conserve space, the image is twice reflected within the hood by 
two mirrors, V; and V2, mounted on spring holders which have universal 


‘ Th. Wulf, Phys. ZS., 15, p. 250; 1914. 
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Fic. 4. Diagram of the details of the construction of the measuring apparatus. 
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movements and are adjusted by two screws. The hood containing the 
mirrors, objective, and scale is 24 cm long. 

The lower compartment of the electrometer unit contains a static 
charger composed of a rotatory hard rubber tube, W, against which 
two chamois covered pads, X, are held by spring tension. The pad 
support has attached to it two contact springs, Y, which electrically 
connect the collector brush to the string system when the crank is 
turned in a clockwise direction and connect the string to the ground 
through a high resistance leak, Z, when the crank is turned in the 
opposite direction, thus allowing perfect control of the string potential 
or of the position. Provisions are made for attaching a drying bulb to 
either the lower or the upper compartment. 

The design of the string electrometer is such as to allow changes of 
sensitivity over a wide range. Sensitivity values can be varied from 2 
volts to 10 volts per division by manipulation of the string tension and 
the plate position. 

The capacity values are 65.5 cm for the condenser unit and 14.5 cm 
for the electrometer. 

The constancy of the instrument can be checked in the following 
ways: 1. By measuring the volt sensitivity and capacity by the usual 
methods. 2. By employment of a radium preparation, which can be 
inserted into a small container at one side of the electrometer housing. 
3. By substituting for the condenser unit an uranium leak. 4. By 
applying a small potential to the attracting plate which is normally at 
ground potential. 5. By observation of the drop of potential when the 
uncharged condenser unit is added to the chargetl electrometer unit. 

The formula by which the radiation intensity in r units is obtained 
is the following: 

CX(V2—V;) 


— r units 


300 X vol. Xt 


in which C is the total capacity of the measuring system in cm; (V2—V;) 
is the drop in volts produced by exposure of the ionization chamber for 
the time ¢ in seconds; vol. is the volume of the small ionization chamber 
in cc. 


In Table 1 data for the effective radiation intensity measured with 
this instrument for various radiation conditions are given in r units. 
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TABLE 1. 








Effective 
Distance | radiation 
Filter focus- | intensity 
chamber in ¢ 
units 





Grenzray tube with Lindemann 
window chromium iron target. 
(C.H.F. Mueller, Hamburg) 











| 
Lithium glass tube tungsten tar-| 0.035 mm 
get, built in our laboratory. Mo 
0.135 mm 


Ag | 
| 








0.38 mm 
Cu 
0.29 mm i 
Wo 
| 


| 





Coolidge Universal Tube, tung- 
sten target (Victor Electric Co., | 
Chicago, Ill.) 9 | = 
































| Effective 
B. G F Distance | radiation 
. eo Amount of radium Filter radium- | intensity 


chamber in r 
units. 


radium 





Radium emanation | 100 mc radium emanation in | 14 mm brass 0.200 r 
preparation 1 cm long container, outside i 0.024 
diameter 5 mm 


100 mc radium emanation in 0.0125 
4 x 4cm pack 











0.0027 





CLEVELAND CLINIC, 
CLEVELAND, OHIO. 





THE BALLISTIC METHOD OF IONIZATION MEASURE- 
MENT WITH A QUADRANT ELECTROMETER 


By Davmw L. WexBsTER AND Rospert M. YEATMAN 


ABSTRACT 


In the ballistic use of an electrometer, for ionization measurements, the chamber is ex- 
posed to rays for a predetermined time, and the reading ordinarily taken is that of the electro- 
meter after it stops swinging. The present method, more strictly ballistic, is to read the 
farthest point of swing. This not only saves time, but avoids serious complications from 
insulation leakage. The validity of this method depends on four conditions: (1) linearity of 
the differential equation of motion; (2) its homogeneity, except for the term proportional to 
the ionization; (3) initial conditions, deflection and velocity zero; (4) constancy of exposure 
time. (4) is readily satisfied; (3) and (2) demand cancellation of natural ionization by a 
constant opposite current; (1) is the most questionable. The present tests, on an electro- 
meter of 12 seconds period with exposures from 2 to 40 seconds, demonstrate the possibility 
of satisfying all these conditions, so that the strictly ballistic method has no systematic errors 
large enough to detect in the presence of a 1% erratic error. For large deflections, ballistic 
applications of a potentiometer show departures of about 1% from linearity, but even then 
calibration by the potentiometer enables this electrometer to compare ionization currents 
accurately. 

I. INTRODUCTION 

Among the methods in common use, for the measurement of ioniza- 
tion currents by a quadrant electrometer, are two, to which the name 
“ballistic” has been applied, because of certain points of resemblance 
to the ballistic use of a galvonometer. In both of these methods, the 
ionization chamber is exposed to the rays for a fixed time, and the 
electrometer is read at some time after the end of the exposure. In 
one method,' is is customary to wait until the electrometer has stopped 
swinging, and then read the deflection; in the other method,’ the de- 
flection is read at the end of the first swing after the exposure. The 
former we shall call semi-ballistic, and the latter, strictly ballistic. 

The strictly ballistic method has several advantages. First, it is 
quicker, and the saving of time becomes very important in work with 
x-rays from perishable sources.* Second, the deflections are larger, some- 
times nearly twice as large. Third, and most important, if there is any 
insulation leakage, the condition of rest, at which readings are taken in 
the semi-ballistic method, is never actually attained, and to use that 
method one must watch the drift of the electrometer, taking several 

1H. E. Ives, Astrophys., J. 39, p. 428; 1914. 


*? D. L. Webster and A. E. Hennings, Phys. Rev., 2/, p. 301; 1923. 
+E. g., D. L. Webster, Proc. Nat. Acad., 14, p. 330; 1928. 
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readings and extrapolating back, a process necessarily troublesome and 
inaccurate. 

Against the strictly ballistic method is the fact that one might per- 
haps have more doubts as to its accuracy. This fact, combined with 
the brevity of the previous description and its burial in a paper on other 
matters, has caused several users of electrometers to ask for further 
information on it. We have therefore made further tests of the method, 
with another electrometer, and shall first discuss the theory more fully 
than heretofore, and then state the results of these tests. 


Il. THEORY 
Assuming the damping and the restoring force of the fiber to be 
linear, the differential equation of motion, in terms of the deflection @, 
takes the familiar form 


(1) 


where E is the ratio of the moment of the electrical forces to the mo- 
ment of inertia of the needle. 

As to the relation of Z to the total charge g, collected by the insulated 
system up to the time /, it is not a simple proportionality. For, suppose 
first that there is no ionization current at all, and that one pair of quad- 
rants is grounded while the other is insulated, and the needle is set in 
motion. The effects of electrostatic influence then produce changes 
in the charges held on the quadrants, of different magitudes in the two 
pairs, resulting in a restoring moment proportional to @, in addition 
to that of the fiber. In the electrometer tested here, for example, the 
period with both pairs of quadrants grounded was 20 seconds; but 
with one pair connected only to the collector of the ionization chamber, 
the period was reduced to 12 seconds. Thus £ is not merely c q, c being 
a constant, but rather (cg — a: 4) with and a; both positive constants. 
If, however, we let a = a; + a2, and transpose this last term, we have 
simply 


bees (2) 
peti me 
de dt . 

If there is no insulation leakage, and no natural ionization, g = J t, 
where J is the ionization current, constant from the beginning of the 
exposure, ¢ = 0, to itsend,# = T. Thereafter,g = J T. For initial 
conditions, let @ and d@/dt both be zero at ¢ = 0. 
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The point that is essential for present purposes now follows directly 
from the well-known properties of linear differential equations. For 
some given current, J = J,, let 6; (¢) be the expression for 6 as a function 
of ¢. With another current, J = J, =m J,, and the same exposure, 7, let 
us assume that @=@, (#) = m 6, (#). Since the equation is linear in 6 and 
I, and has no term containing both or neither of these quantities, it 
will balance as well in this case as in the first. Thus if @ represents the 
maximum value of @ in the swing after the end of the exposure, 0, and 
@: will be values of 6, (#) and 6, (¢) at equal times, and 

O: TI: 


— = (3) 
6, I; 
That is, with conditions as described above, the values of 6 at the ends 
of the swings give accurate comparisons of the ionization currents. 
Now, let us suppose there is insulation leakage. If it obeys Ohm’s 
law, the leakage current at any instant is proportional to the potential 
of the collector quadrants, relative to ground. This would be propor- 
tional to q, if it were not for effects of electrostatic influence, related to 
those giving rise to the electric restoring moment specified by — az. 
More accurately, leakage reduces dg/dt, so that between ¢ =0 and 
t=T, q is subject to the equation 


. Se (4’) 
a= gp ff a m 
dt ’ 


where / and m are positive constants; thereafter 


d 
=! = —ig-+-mt (4””) 
at 


We now have two simultaneous linear differential equations, (2) and 
(4), for g and @. 

With regard to their solutions, the same reasoning holds as before, 
but with two dependent variables. Let J be increased, between one 
exposure and another, in a ratio m; then if @ and g are both increased 
at every instant in the same ratio, the equations both balance as before; 
therefore, the maxima reached by @ are proportional to the values of /. 

Collecting the assumptions made above, they are as follows: 

(a) Linearity of torsional restoring moment; 

(b) Linearity of damping; 

(c) Linearity of electrical moment as a function of both g and 6; 


(d) Linearity of insulation leakage, likewise as a function of both 
q and 6; 
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(e) Zero initial values of 6, d@/dt, and q; 

(f) Constancy of exposure time T. 

These conditions must all be met if we expect the strictly ballistic 
method to give accurate results. 


Ill. EXPERIMENTAL TESTS 


In practice, rough tests for the linearity conditions (a), (b) and (c) 
can be made by measurements of periods and logarithmic decrements, 
once with the collector quadrants grounded and again with them in- 
sulated. (d) can be tested by watching the electrometer drift back 
toward zero after it has stopped oscillating, and seeing if it does so 
exponentially. (e) can be insured by the introduction of a constant 
current opposite to that of the chamber. In the present apparatus, this 
was an ionization current given bya bit of radioactive material on an 
electrode within the shield around the wire from the chamber to the 
quadrants. (f) can be insured by an automatic shutter in the path of 
the rays, with a good clock to operate it. 

After all, however, the real test is to try the method itself, with rays 
of constant quality, in known intensity ratios. For the old apparatus 
previously described,? and again for the new chamber and electrom- 
eter now in use here, both the separate tests described above and the 
overall test with known intensity ratios have been tried, the tests with 
the new apparatus being the more thorough. 

The new electrometer is of the Compton type, with a sensitivity of 
2500 mm/volt at 2.5 meters. Its periods were 20 and 12 seconds, its 
logarithmic decrements 2.1 and 1.5. The insulation leakage was not 
exactly linear, but the constant, approximately (/—mc/a), of the ex- 
ponential expressing @ during the period of drift back toward zero, was 
about 7 X 10~ per second. The exposures used in different series of 
tests of proportionality of © to J were 2, 4, 10, 20 and 40 seconds. 
In these tests, J was changed by the use of x-ray intensities propor- 
tional to 1, 2, 5, 10 and 20 (occasionally omitting the 1), obtained by 
the use of calibrated shunts on the milliameter measuring the current 
in the x-ray tube. The voltage on the tube was constant throughout 
each series of tests, and the use of direct current eliminated any ques- 
tions of wave form. Sixteen series of tests were made in all, with differ- 
ent exposure times or conditions in the tube or spectrometer, each 
series containing several readings at each current. 

In all these tests, there was no observable systematic deviation from 
linearity below 500 mm (200 millivolts). Dividing the mean reading 
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at each current by the current itself, the quotients were constant for 
each series to within 1%, on the average, the deviations being quite 
erratic. The errors were apparently due primarily to irregular move- 
ments, such as occur even with no x-rays, probably because of fluctua- 
tions in natural ionization and in the radioactive compensator. 


IV. BALLISTIC POTENTIOMETER CALIBRATIONS 


Above 500 mm there was a systematic departure, of 1% or so, from 
linearity, but a method was devised for correcting it. This involves 
ballistic reading of the deflection occuring when a known voltage of 100, 
200 or 300 millivolts is applied suddenly through the grounding key, by 
turning the dial of a potentiometer in the line between the key and the 
ground. This voltage is left on until after the electrometer has swung 
to its farthest point. Such readings repeat even more accurately than 
those with x-rays. If the contacts are all thoroughly clean, in fact, suc- 
cessive readings almost always repeat within a millimeter (<0.2% at 
300 millivolts), but a little tarnish may throw them off a millimeter or 
two. 

These ballistic potentiometer readings showed departures from 
linearity at 300 millivolts amounting usually to about 1%, and the x- 
ray readings likewise. Correcting the x-ray readings in this neighbor- 
hood by this amount, they became linear with the others, with no 
greater deviations in their ratios of deflection to current. Altogether, 
the mean deviation of all the ratios, each taken for a mean of several 
readings at the same setting, was then 0.65%. 

The departure from linearity at high deflections, just described, 
resulted in part, but not entirely, from the nonlinearity of tan 2 @ as a 
function of 6, the scale being straight, and perpendicular to the line 
from the electrometer to its zero point. That non-linearity of this sort 
can be corrected by potentiometer readings, is obvious; but whether, 
and to what extent, other forms of non-linearity, due to errors in the 
shape of the needle, etc., can be so corrected, is impossible to state at 


present. This type of correction is worth trying, but cannot be guaran- 
teed. 


V, THE ZERO ADJUSTMENT 


One more liberty can be taken with the differential equation and its 
solution. A small charge is often left on the quadrants by friction or 
other defects in the grounding key. If there is no insulation leakage, or 
if it is very small, this may be compensated by waiting until the electro- 
meter is at rest and setting the scale along (with a rack and pinion, in 
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this apparatus) until it reads zero, before starting the exposure. Then 
the electrometer reads just as though it had started uncharged, at the 
true zero. The reason is evident on inspection of equation (2). 

VI. CONCLUSIONS 

No positive criteria can be given here, for the accuracy with which 
an electrometer must be built, to insure linearity in the strictly ballistic 
method of measurement of ionization currents. It is, however, theoreti- 
cally reasonable to expect linearity in a well-made instrument; and 
practically, linearity is found, with an accuracy well within the erratic 
errors, in the instrument used here. The very quick exposures, 2 seconds, 
are, in fact even more accurately linear than the 40 second exposures, 
the reason being that in the quick exposures the erratic fluctuations 
of natural ionization have less time to cause errors. 

In addition to accuracy of workmanship, needed to make any method 
linear, this method requires two other conditions: compensation of 
the natural ionization by an opposite current, and constancy of ex- 
posure time. 

For the accuracy of workmanship which gives us this instrument, 
our heartiest thanks are due to its maker, Mr. B. G. Stuart. 


STANFORD UNIVERSITY, 
CALIFORNIA. 













RECOMBINATION OF IONS IN THE CHAMBER 
OF AN X-RAY SPECTROMETER 


By Davi L. Wesster AND Ropert M. YEATMAN 


ABSTRACT 


It is usually assumed that for accurate comparisons of x-ray intensities, the voltage applied 
to the ionization chamber must be sufficient to reduce the loss of ions by recombination to a 
fraction of the total number produced, less than the permissible error of measurement. Tests 
show, however, that under proper conditions the fraction lost may be independent of the total 
number produced, for any loss up to about 10%. With the chamber used here, this permits 
accurate comparisions of ionization currents with only 45 volts, instead of the 900 required 
to reduce the loss to 1%, and thereby minimizes errors due to battery changes. This constancy 
of the fraction lost, with different currents, probably indicates that the recombination is 
practically all columnar, as reported by other observers with alpha rays. In the case of x- 
rays, columnar recombination must be recombination between ions produced by the same 
photoelectron. This condition must be satisfied best with faint rays, such as are used in x-ray 
spectrometry. With stronger rays it should break down, and therefore these tests do not indicate 
anything about ordinary x-ray dosage measurement. 





































I. INTRODUCTION 

It has been customary in measuring intensities of x-rays by th¢ 
ionization chamber to apply such a voltage across the electrodes o 
the chamber that the current will be practically saturated. In this 
case the charge collected and measured by the electrometer is that of 
all the ions of one sign, with no appreciable loss of ions by recombina- 
tion. It is desirable, nevertheless, to keep the ionization chamber 
battery within reasonable limits, partly because of the cost, and even 
more because changes of electromotive force in the battery cause errors 
whose absolute values are relatively great, with a very large battery, 
even for a very small percentage change. Just where saturation is 
practically reached, however, is ‘not so often carefully ascertained, 
and it appears probable that in many cases investigators have not ap- 
plied a voltage at all sufficient to bring about the degree of saturation 
which they believed to exist. There is here a very suggestive question 
as to how much error actually occurs if there is an appreciable loss of 
ions by recombination. The possibility that the error might be small 
was first brought to our attention by a chance observation, that the 
loss by recombination in methyl bromide was the same fraction for 
rays on either side of the bromine absorption limit, although the densi- 
ties of ionization were very different. Further tests confirmed this idea, 
and the present work has been a careful study of the loss of ions, for 
one typical ionization chamber. 
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Il. THEORY AND HISTORY 

For present purposes we shall speak of the fraction of the ions re- 
combining as the fraction lost, and shall consider it as due to three 
types of recombination, as follows: 

(1) Initial recombination, in which the electron after being ejected 
from its parent atom by a photoelectron almost immediately returns 
to it; (2) columnar recombination, in which an ion recombines only 
with another ion produced by the same photoelectron; (3) volume 
recombination, in which an ion recombines with any ion of the other 
sign. 

The terms columnar and volume are obviously suggested by the 
types of ionization that would most naturally result in these types of 
recombination. 

The theory of columnar recombination has been treated in detail 
by Jaffé,' with special reference to a and 6 rays. Here, however, we 
need only consider conditions where the fraction lost is small, and for 
these conditions we shall therefore abbreviate the theory as follows. 
If the recombination is all initial or columnar, and if the voltage on the 
chamber is increased, the number of ions to be passed by any individual 
ion in escaping from the region where it is in danger of recombination 
is unchanged, but the time it spends near any of these ions is decreased, 
in inverse proportion to the voltage. We may therefore expect these 
types of recombination to give losses, to a first approximation, inversely 
proportional to the voltage. A change in the intensity of the x-rays, 
however, so long as they are of constant quality, should change the 
photoelectrons in number only, and should not change the fraction 
lost in any one photoelectron track, or in all of them together. In other 
words, if the loss is all initial or columnar, we may expect that the in- 
tensities of x-ray beams of the same wave length can indeed be com- 
pared accurately, even though the voltage on the chamber may be too 
low for stauration. 

With volume recombination, however, the prediction is different. 
Here, 


dn=—andt, 


dn being the number per unit volume recombining in time d/, and a the 
recombination coefficient. Therefore, so long as the fraction lost is 
small, the absolute loss, not fractional, should be proportional to the 
square of the number present at any instant. For voltage changes, 


1G, Jaffé, Ann. d. Physik, 42, 2, p. 303; 1913. 
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this makes the loss inversely proportional to the voltage squared; and 
for changes of x-ray intensity, it means absolute loss directly as in- 
tensity squared, or fraction lost proportional to intensity. If much 
volume recombination occurs, therefore, one must use a voltage sufii- 
cient to reduce it, even at the highest intensities, below the permissible 
limits of error. 

Historically, the first theoretical and experimental studies in ioniza- 
tion indicated simple cases of volume recombination, but Bragg and 
Kleeman? in 1906, working on a rays, noted the exact similarity of 
form of saturation curves produced by rays of different total strengths. 
They attributed this to loss of ions entirely by initial recombination. 
But experiments by Moulin® and Wheelock‘ on fields parallel and per- 
pendicular to the a-rays indicated at least a predominance of columnar 
recombination. Experiments with 8, y, and x-rays showed little recom- 
bination, but Kleeman® found recombination with heterogeneous, 
direct x-rays and small voltages on the chamber that was a good deal 
more than would be accounted for by calculations on a straight volume 
recombination basis. Plimpton* made measurements of the coefficient 
of recombination at varied short intervals of time after an instantane- 
ous flash of x-rays (applying the field at the close of the interval), and 
he found the coefficient higher at short intervals, which he attributed 
to initial recombination before diffusion had separated the ions. 

This evidence, altogether, shows that initial and columnar recom- 
binations may well be the most common types, but does not exclude 
volume recombination entirely. New data were therefore collected 
here, for two purposes: (a) the practical purpose of finding what can 
be done in reducing chamber voltages; (b) the theoretical purpose of 
finding whether appreciable volume recombination occurs in such 
faint x-ray beams as are given by crystal reflection. 


Ill. APPARATUS AND METHOD 
The x-rays used here were selected from the continuous spectrum of a 
standard Coolidge tube. The first slit of the spectrometer was wide 
enough to take in radiation from the whole of the focal spot, as seen 
from the crystal, with allowance for the possibility of movement of 
the spot with target expansion under the widely differing conditions 


2 W. H. Bragg and R. D. Kleeman, Phil. Mag., //, p. 466; 1906. 
* Moulin, Comptes Rendus, 148, p. 1757; 1909. 

* Wheelock, Am. Journ. Sci., 30, p. 233; 1910. 

5 R. D. Kleeman, Phil. Mag., 12, p. 273; 1906. 

* Plimpton, Phil. Mag., 25, p. 65; 1913. 
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in the tube. A Seeman slit at the calcite crystal entirely controlled the 
width of beam. The ionization chamber slit was of a constant width 
admitting all of the widest beam ever used. The excitation was by 
rectified high voltage giving very steady direct current, and the voltage 
and current in the tube were held at a constant value to a high degree 
of accuracy during the tests. The ionization current was measured by 
an electrometer of the Compton type, with a sensitivity 2500 mm per 
volt at 2.5 meters, using the ballistic method of measurement, described 
in another paper in this issue. 

The spectrometer chamber was a brass cylinder 30 cm long by 
7 cm inside diameter with a window of 0.04 mm aluminum, 6.2 mm 
wide by 47 mm high. The brass plate of the rear was faced with 1.6 mm 
aluminum to stop secondary rays from the brass. The electrodes were 
flat plates, one 6.5 cm wide, soldered to the cylinder as a vertical wall 
on one side, the other being a plate 3.8 cm wide, equi-distant from the 
center and connecting to the insulated electrometer quadrants through 
good amber insulators. The distance between plates was 3.6 cm, their 
length 27 cm, and the insulated plate was bent inward at the forward 
end, so as to be just outside the beam near the window and to strengthen 
the field there as much as possible. The chamber was carefully tested 


for airtightness, and then filled with methyl bromide at 59 cm pressure, 
about three months before these tests, and then was kept sealed to 
preserve a constant amount of absorbing material. 


Saturation curves were taken for x-rays of three different wave 
lengths, 264, 560, and 896 X. U., the last being just on the short wave 
length side of the bromine absorption limit. With the tube output 
constant, the chamber voltage was varied from 1.5 volts to 225 v. 
Two readings were taken at each point, usually agreeing to about 3 of 
1%. In cases where they did not, extra readings were taken. The run 
was then repeated with an increased total ionization obtained by in- 
crease of the tube current at constant voltage by a factor of 10 or more, 
and usually of the width of the Seeman slit also. The product of these, 
when the latter is corrected for crystal penetration (0.3, 0.2, 0.1 mm 
being added respectively for the above wavelengths), is a measure of 
the total ionization, and the ratio of these products ranged from 10 to 
1, up to 65 to 1. To make the deflections large enough for accurate 
reading in all cases, the time of exposure was changed from 2 seconds 
at high intensity to 40 seconds at low. The curves were repeated under 
different conditions from 22.5 volts up. 
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Fic. 1. Saturation curves at 560 X.U., 40 kv.+-’s mm deflection with 40 seconds at low in- 
tensity; ©'s, 0.878 Xdeflection with 2 seconds at high intensity. 


IV. RESULTS 
The accompanying saturation curves are typical of the results 
that were obtained in all cases. These are curves for 560 X.U., with 
a ratio of ionizations of 17 to 1, and have been scaled to pass through 


the same point at 225 v. In every case it was found that the ratio 
of a current at voltage V to that at 225 volts was practically the same 
within limits of error for each curve of a pair down to 22.5 volts, 
the differences averaging well under 1%. At 22.5 volts, the average 
difference was in the direction to indicate volume recombination, 
whereas at 45 it had been in the opposite direction. Below 22.5 volts, 
the differences increase rapidly, and therefore the difference at 22.5 
volts may be significant. The lack of saturation at this voltage was of 
the order of 12 or 13%, while even at 225 volts it was from 3 to 4% in 
every instance. This would indicate that it would be necessary to apply 
900 volts to be sure of saturation current within 1%, whereas it ap- 
pears to be possible to make accurate comparisons of x-ray intensities 
with voltage as low as 45, losing at that voltage about 10% of the ions. 


V. CONCLUSIONS 
The practical question proposed above, as to the possibility of 
using chamber voltages insufficient for saturation, may now be par- 
tially answered. With this chamber, and these rays, at least, it can 
be done within reasonable limits. This chamber, however, differs 
from the type so often used, with a single heavy wire as a collector, 
in that it has a more uniform field over the region ionized. Moreover, 
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the rays used, although they were fairly strong, as reflected rays 
go, were not so strong as might have been used with a less sensi- 
tive electrometer. Therefore, while one may expect fairly confidently 
to be able to use low voltages in other cases as well as here, no positive 
assurances can be given without a much more complete study of the 
phenomena. Each chamber to be so used should be tested under work- 
ing conditions, with rays at least as strong as those it is to measure. 

The theoretical question: “Where does volume recombination set 
in?” is answered by following the saturation curves back toward low 
voltages, and noting where they separate. Evidently, volume recom- 
bination is rare, down to 45 volts or lower; it then makes its appearance 
gradually, and at the lowest voltages it has become the predominant 
type. These changes are of the sort one might expect, since any re- 
duction of voltage increases the time an ion spends in the ionized region, 
and at 1.5 volts this time is so long as to delay very noticeably the 
deflection of the electrometer after a 2-second exposure. 

Even at high voltages, volume recombination must occur when the rays 
are made strong enough. Therefore, another practical point that must be 
emphasized is that the present results furnish no indication whatever 
of any chance to avoid it in measurements of direct (not reflected) x- 


rays, as, for example, in ordinary dosage measurements, except by the 
use of voltages sufficient for saturation. 


STANFORD UNIVERSITY, 
CALIFORNIA. 
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Handbuch der anorganischen Chemie. Abbeg-Auerbach,4,3,part 1, ~ 
The Noble Gases. By Dr. Eugen Rabinowitsch. 522+xii pages. 507 
figures and 232 tables, with subject and literature indices. S. Hirzel, 7 
Leipzig, 1928. j 
This volume of the Abbeg-Auerbach Handbook of Inorganic Chemistry 7 

deals with the elements of the eighth group of the periodic system treating 7 

the subject matter in the most adequate and complete manner. It contains 7 

an account not only of the history, occurrence, preparation, and chemical ] 

properties of the noble gases, but also a comprehensive treatment of their 
relation to the development of our modern and late theories of nuclear and 
atomic structures, accompanied with numerous and extensive data. ; 

The author also devotes considerable space to the equations of state for 
these gases, to their application in industry and laboratory, and to such = 
physico-chemical phenomena as hydration, adsorption, etc. The bibli- 
ography is very extensive; it takes up over fifty pages, and seems to be 
complete. The volume is written in a non-involved and fluent style; the 
subject matter excellently arranged; concise but not ambiguous. It is the 
opinion of the reviewer that the volume will prove of invaluable assistance 
to the physicist, as well as to the chemist. 

J. L. SHERESHEFSKY 


Behandlung von Schwingungsaufgaben mit komplexen Ampli- 
tuden und mit Vektoren, by Dr. H. G. Moller; S. Hirzel, Leipzig; 
132 p.; Price bound R.M. 8. 


Vibration problems in general, and problems of alternating currents in 
particular, can in general be solved very simply by the use of complex 
amplitudes and represented graphically by vectors. For the successful 
treatment of any problem, however, a mere acquaintance with the theory, 
while absolutely necessary, is not sufficient. It is the purpose of Dr. Moller’s 
book to provide a large number of examples of the use of the method in 
practical applications for those who a-e already acquainted with the theory. 
The first part of the book is devoted to a recapitulation of the principles of 
the use of complex quantities as applied to physical problems and would 
probably be more useful if it were more systematic. The second, and by 
far the greater, part of the book contains numerous completely worked out 
examples from the field of alternating currents, such as the problem of the 
transformer, of eddy currents and hysteresis losses in iron, the telephone 
receiver, and the theory of filter circuits. 


A. WoLr 








